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Abstract

We take advantage of ideas of an orthogonal wavelet complement to produce multiresolution
orthogonal decomposition of nonuniform Bspline (NUB) spaces. The editing of NUB curves and
surfaces can be handled at different levels of resolutions.

Applying Multiresolution decomposition to, possibly C! discontinuous, surfaces, one can
preserve the general shape on one hand and local features on the other of the free-form models,
including geometric discontinuities.

The Multiresolution decomposition of the NUB tensor product surface is computed via the
symbolic computation of inner products of Bspline basis functions. To find a closed form rep-
resentation for the inner product of the Bspline basis functions, an equivalent interpolation
problem is solved.

A tool demonstrating the Multiresolution editing capabilities of NUB surfaces was developed
and is demonstrated as part of this work, allowing interactive 3D editing of NUB free-form
surfaces.

1 Introduction

Recently, several papers have been presented on the subject of multiresolution decomposition (MRD)
of Bspline curves and surfaces. In [5], MRD is used to compute the low-resolution projection for knot
removal purposes. In [7], least squares based MRD is employed for interactive curve editing. In [11]
and [9], the idea of a wavelet complementary space to a uniform cubic Bspline space is discussed.
The work of [4] presents compactly supported wavelets that generate the orthogonal complementary
wavelet spaces. [4] continues to address the case of uniform Bspline. MRD of Bspline uniform cubic
surfaces is briefly addressed in [9]. In this work we build MRD for the general case of non uniform
Bspline curves and surfaces and apply it to MR based curve and surface modeling. The ability to
support non uniform knot sequences adds flexibility and allows one to employ C'! discontinuities in
the edited shapes, as will be demonstrated.

Multiresolution analysis can be defined as an ability to simultaneously perform both local and
global operations on the analyzed object [7]. It is common to call operations affecting the entire object
low-resolution operations, and those affecting just a small portion of it high-resolution operations.
It would be desirable to perform object manipulation at any resolution level at any time. Figure 1
demonstrates the editing of a cubic curve using several multiresolution levels.
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Figure 1: A multiresolution decomposition applied to a quadratic curve (top) with a modification
during curve editing for the 1st, 2nd, 4th and 5th (bottom) levels of resolution. In all four examples,
a simple drag operation of the user has been conducted between the 't and the ’s’.

Following [7], we consider the m subspaces Vi, ..., Vi_y, Vi, Vigr, ..., V. Let the orthogonal
complementary subspaces be Wy ..., Wiy, W, , Wiy, ... W,,_1; that is,
Vi Vi Vg,
Vi = Vi@ W, (1)

where @ denotes W, L Vj. The subspaces of W; are called the wavelets subspaces relative to V.

There has been a great deal of work recently dedicated to wavelet subspaces. In [4], the knot
vector is assumed to be uniform, and thus a basis of the wavelet complement is given by translates
of a fixed function.

We examine the use of Bspline basis functions as a mathematical representation for hierarchical
decomposition. Let k be a positive integer and let £ be a nondecreasing arbitrary sequence of real
numbers. Denote by B, , ¢ the ith Bspline basis function of order k on t (see [2]). In some cases, when
the order is clear, it will be eliminated as well to become B. . We consider the space V, ¢ [12] that
is defined as a space of piecewise polynomials of order k that are joined together with continuities as
prescribed by ¢,

Vk,t = Span{Bz’,k,t} .
i

In this work, we are interested in handling the non-uniform Bspline case. We first consider the
construction of a single wavelet basis function in Section 2. We shell recall how one finds a minimal



support for such a wavelet [12] in Section 2, and show how one can find the whole wavelet comple-
mentary space in Section 3. We will present complete decomposition and recomposition algorithms,
and the way one can integrate them in multiresolution modeling, in Section 4. In Section 5, we reveal
the computational aspects of the decomposition, finishing up and concluding in Section 6.

2 Wavelets of non-uniform Bspline basis functions

Consider the general case where Vo = Vi + is a spline space of some order k with a non-uniform
knot sequence T, and Vi = V| 4 is a spline space with 7 C ¢. In [12], it is shown that there exist a
minimal support basis for the orthogonal complement of V5 in V;. ! Below we describe the principles
of constructing such a basis of finite support of Bspline wavelets, following [12].

Let 7 and t be non-decreasing knot sequences such that

T = (Ti)?:—llkas = (si)iZy,t = (ti)'_—l—1m+kv and TUS =t

=

Consider an arbitrary new knot s; € s. In order to find a single wavelet v» € Wy corresponding to
s;, centered about s;, and being of minimal support [12], one needs to determine two integers [ and
r with [ — r as small as possible such that the following holds:

S =S, @0, (2)

where dim(Sy) = dim(So) + 1, dim(¥) =1 and U = span{t}, and spaces Sy and S; are defined on

a sub-sequence of Bspline basis functions as follows:

S1o= Span{BU“t, Bl+1,k,t7 SR Br,k,t}’
Sy = span{BM_l_k,k,T, Biyokkr, oo 7Bu+u+k,k,7'}v

where p and v are selected so 7,41, ..., Ty, € [, 1] and ¢ € Sy is a non-zero function with finite
support:

Y(x) =0, foradlt, t.].
Simplifying the notation, we define {v;} and {¢;} as

Yi = Bl-l-i—l,k,Tv for 1 = 1,2, ey q,
qb]‘ = Bu—k-l—j,k,Ta fOI’jzl,Q, cee q—l,

where ¢ = dim(57). Then, we can write,

Sl = 5pan{717727 s 77!1}7
SO = Span{qblv ¢2, SR qbq—l}‘

Once the wavelet support [/ : r] is established [12], one can construct the wavelet itself. ;From
Equation (2), one can express ¢ using the basis of S as

Y=y F vt o+ e (3)

1As a direct result of the fact that this orthogonal complement is in V; and the latter has clearly finite support.



(a) (b)
Figure 2: Wavelets of uniform quadratic (a) and uniform cubic (b) Bspline basis functions.

Since ¢ € W is orthogonal to Sg, e.g. < ¢;,¢0 >= 0, we have the following set of ¢ — 1 linear
constraints in ¢;:

0 = 1 <¢1771>+ +cq<¢177q >,

0 = 1 <@g1,Y-1 >+ o0 Feg < Pgo1,7g >

There is one degree of freedom in selecting the solution sequence {¢;}. One can set up any additional
constraint - herein we require the wavelet basis function ¢ to be normalized in the sense of < ¢, >=
1. Examples of this computation process for uniform as well as non uniform Bspline wavelet basis
function are shown in Figures 2 and 3.

Consequently, going over all new knots in s, one can construct all Bspline wavelets for a complete
decomposition following Equation (1) which spans the orthogonal complement W; = span{;}, i =
1, ..., m.

The support of ¢; is [[; : r;]. Then, the following holds [12]:
liiy <l; and r;_y <r;y, fore=2, ..., m.

Thus, since all Bspline wavelet basis functions have separate supports and recalling that {i;} are
non-zero functions in corresponding intervals (apart from ¢ — 1 points where they have strong sign
change [12]), we conclude that the functions {i,;} form a basis for the orthogonal complement.
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Figure 3: In (a), five quadratic Bspline wavelet basis functions are defining the complement space
Wy with Vi defined over the knot sequence of { 0,0,0,1,2,3,4,5,6,7,8,9,10,11,11,11 } and V§ de-
fined over the knot sequence of { 0,0,0,2,4,6,8,10,11,11,11 }. This sequence of Bspline wavelets
is given for five new knots at 1 (top), 3, 5, 7, and 9 (bottom). 1In (b), five cubic Bspline
wavelet basis functions are defining the complement space Wy with V] defined over the knot se-
quence of { 0,0,0,0,1,2,3,4,6,6,6,7,10,11,12,12,12,12 } and V4 defined over the knot sequence of {
0,0,0,0,2,4,6,7,11,12,12,12,12 }. This sequence of Bspline wavelets is given for five new knots at 1
(top), 3, 6, 6, and 10 (bottom).

(2) (b)



3 Wavelet Multiresolution Decomposition of Non-Uniform
Bspline Basis Functions

Let Ci(t) € Vi be a non uniform Bspline (NUB) curve of order k and n; control points, defined over
the knot sequence t;. Assume t;_y C t; and let Ci_1(t) € Vi_y be the projection of Ci(t) on Vi_y.
Consider the process of decomposing a curve C(t) into two parts, one low resolution component and
one orthogonal complement. This decomposition can be expressed as

i) = QB (1) = Cia( + Dis () = X Q7 By (04 Y0 Fw= 0y, (4)

where mj_y + nj—1 = n; and D;_{(t) € Wi_y is the high resolution curve orthogonal complement.
By multiplying both sides of (4) by Bi¢,_,-1=1, ..., ni_1, the MRD problem turns into the
following set of linear equations:

221 Qi < Bi,tﬂBl,tl_l > = Ql1_1 < Bl,tl_1’B1,tl—1 >+ —I—Qil_lil < Bm_l,tl_17 Bl,tl_l >,
Yt Qf < Bi’tl7Bnl—1,tl—1 > = Qi< Bl,tl—1’Bm—1,tl—1 >+ ...+ il_lil < Bﬂl—l,tl—17Bnl—lytl—1 >
(5)
where
< Bi,tl’Bj,tzq > = /Bi,tl(t)Bj,tl_l(t)dtv (6)
<Bit Bty > = /Bi,tl_l(t)Bj,tl_l(t)dta (7)
and

<", By, , >=0.

Appendix A describes how the inner products of Equations (6) and (7) can be symbolically
evaluated. With the ability to compute the inner product, Equation (5) reduces to the solution of
the system of linear equations. This solution provides the coefficients of {Q!™'}77" that represents
the low-resolution projection of Cj(t) onto Vi_;.

Similarly, one can find the coefficients of the orthogonal complement, this time by computing the
inner product of the two sides of (4) with /™', i = 1,...,m_; functions (that were computed in

Section 2) and recalling that < /=", /7! >=1:

FU e B < > L B <l T > = S QL < By T >,
. . (8)

-1 -1 1-1 -1 -1 -1 -1 ! -1
Fi7 <yt > Ry <oy ot o>+ F E = Y Q; < Bt ¥, >

1

The backward synthesis process of the recomposition is expressed by the reconstruction of a high-
resolution curve Cj(t) from two given projections Cj_1(¢) and D;_1(t). There are nj_y +m_1 (= ny)
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Figure 4: A quadratic curve with 96 control points(top) and a decomposition into five levels with
48, 26, 14 and 8 control points consequently. The projections to all five levels takes 0.01 seconds on
a 100 Mhz R4000 Indy. The inner product coefficients are precomputed for the five subspaces, and
the preprocessing computations (inner products and matrix inversion) takes 8.8 seconds.

linear equations to solve for the coefficients {Q!}:

ny—1 -1
Qll < Bl,tﬂBl,tl_l >+ . —I_Qilz < Bm,t[’ Bl,tl_l > = Zlél Ql < Bi,tl_17 Bl,tl_l >7
Qll < B17t7 Biytl—l > ‘|‘ “ee ‘I’Qi” < Bm,t’ Bﬂl—l,tl—l > = Z?;_ll Qé_l < Bi,tl_17 Bnl_l,tl_l >7 (9)
Qll < Blytl7¢l1_1 >+ s —I_Qi” < Bnlytlvlbll_l > = Zzn:ll_l P;'l_l < szl'_l7 ll_1 >,
QU< By gt >+ oo QL < B, Wit > = SRR <or Rt >,

which is the combination of the two sets of equations of (5) and (8).



4 Modeling using Multiresolution Wavelet Decomposition

The fundamental idea of multiresolution editing is the following: for a given Bspline curve (or surface)
Ci(t) € Vi, find its decomposition using Vi = Vo & Wy as Co(t) € Vo, Do(t) € Wp, make some
modification to the low-resolution (or high-resolution) projection in the form of ACy(¢) and add it
back algebraically to the unmodified Dy(t):

Ci(t) = (Co(t) + ACo()) + Do(1).

Herein, one can attempt and solve Equation (9) for the task in hand throughout the editing process.
Alternatively, one can use the symbolic computation of the sum of the complement Dy(t), that is
unchanged during the editing of the low-resolution complement Cy(t), and the modified Cy(t). To
compute the sum we use a knot insertion algorithm [1, 13] to elevate the curve Cy(t) into the space
of V1. Once the two curves of (Co(t) + ACo(t)) and Do(t) are in the same space, one only needs to
sum the coefficients of Co(t) with the coefficients of Dgy(t) (recall that Do(t) is already in the space
of V1).

In practice, the modification of Bspline curves is typically based on the direct manipulation of
control points. In [3, 10], the direct modification of the curve or the surface is handled by satisfying
interpolation and tangent constraints, that are linear with respect to the control points. In our
application, the pick and drag user interaction is solved such that the curve or the surface is modified
in a Gaussian distribution fashion but with finite support. Once the user selects a point on the
curve, the parameter value of that location is identified. Then, the values of Bspline basis functions
are computed at the located parameter ¢ and are used as weights on the amount of change of each
control point, after normalization. Hence, only order control points at the proper resolution level
are modified in reaction to a user’s pick and drag operation, a locality that speeds up the entire
interaction. Figure 5 and 8 presents examples of modification of the low-resolution curves and low-
resolution surfaces, respectively.

While editing the various levels of the multiresolution decomposition, one can simultaneously
perform both local and global operations affecting the entire object or a small portion of it. Once
the set of knot sequences {¢t;} is defined, {¢;} is fixed throughout the editing process. These knot
sequences will define the hierarchy of the Bspline spaces and are independent of the specific curves
being decomposed [7]. Hence, the decomposition presented by Equation (5) can be precomputed
once for the given subspaces before the interaction process begins.

One can also envision the modifications of the function affecting the high-resolution complement
Do(t). As aregular piecewise polynomial curve, it can be directly modified as Do(t) = Do(t)+/\Dy(t),
and performing a similar reconstruction as before:

Cr(1) = Calt) + (Dalt) + ADo(1)).

In this case, the low-resolution characteristics of C1(t) is unchanged, but the high-resolution details
of the curve are affected using the wavelet functions. The full benefits of the high resolution manip-
ulation is yet to be explored and it is not as intuitive as the low resolution manipulation approach.

The idea of multiresolution editing can be extended to non-uniform Bspline tensor product sur-

faces. In this case, the tensor product space of {Vkl PR Vkl ¢ } can be decomposed (via two decom-

positions in both parametric directions) into four different subspaces,
-1 pl-1 -1 11
BivTquvT’U7 BlvTu jv'U ?

-1 pl-1 -1 /1-1
i7u j7TU7 i7u jv'U ?
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Figure 5: A local v.s. global influence of single pick and drag operation applied at different MR
levels, to the same location on the curve, is shown in (a). (b) presents the knot sequences of the
corresponding MR levels. Compare with Figure 4. See also Figure 1 for the effect on the actual
original curve.

where 7, C t,, 7, C t,.

Figure 6 shows several levels of projections into the low resolution subspaces of Bﬁl B]l,_l, or

decompositions in just one of the two parametric direction. In other words, any Bspline surface
from the space {Vklu,tu X Vklv,tv} has three low-resolution projections into each of the sub-spaces
Vo < Vir, b Wir, x Vicr Y and {ViTr, < Vi 3.

Figure 7 demonstrates example of multiresolution decomposition applied to a surface that is not
C'. The ability to handle non-uniform Bspline basis function allows us to handle discontinuities in
the surface, taking the full advantage of the Bspline based representation.



Figure 6: A biquadratic surface with a mesh of size 17 by 25 (top left). The projections of all eight
levels takes 0.2 seconds on a 100Mhz R4000 Indy, excluding the preprocessing stage. The preprocess-
ing (inner products computation and matrix inverse), performed for all eight decompositions, takes
eight seconds.

5 Optimization Considerations

The pre-processing stage of interactive curve and surface editing would still benefit from a fast
response time. Therefore, optimization methods to speed-up the computation of the solution of the
linear system (5) must be applied. The coefficients of the matrix are presented as inner products
of Bspline basis functions < B¢, ., B;¢, . > and < By, B¢, >, and inner products with
wavelets < B, ¢, @/}fl >. Herein, the inner product of a non-uniform Bspline (NUB) function equals

<y, b >= [T24pdt. To find a representation for the product of NUBs, one might choose to exploit
the Bspline representations’ uniqueness property and compute the resulting Bspline by solving an
equivalent interpolation problem [6]. Having non-uniform Bspline function representing the product,
we can compute its integral by using symbolic computations on the curve’s polynomial basis functions.
See Appendix A.

Furthermore, inspecting matrix (5), one recognizes the matrix is not only symmetric but is also

10



0,0,0,1,1,2,2.5,3,3.5,  [0,0,0,1,2.5,3.5,4, [0,0,0,2.5,4,6, [0,0,0,4, 10, 10, 10]
4,4,4.5,5,6.6,10, 10, 10] 5,6, 10, 10, 10] 10,10, 10]
(a) (b) (c) (d)

Figure 7: Multiresolution decomposition applied to a surface of revolution with a quadratic profile
while the rotational direction is rational quadratic. The MRD is applied here to the C'! discontinuous
profile only, which is also the v direction of the surface. The v-knot sequences of each of the low
resolution levels (b)-(d) is shown along with the original surface in (a).

diagonally bounded since < B, ; ¢, B, ;¢ >= 0 for k < |7]. In other words, the rows of the matrix
include at most 2k — 1 non-zero elements centered about the main diagonal. Such a bounded system
can be solved in time complexity of O(kn), where n is a size of a matrix.

6 Conclusion

We have presented a scheme for computing the wavelet multiresolution decomposition for non-uniform
Bspline (NUB) basis functions. For any given piecewise polynomial space V}, the decomposition can
be computed a-priori and enable a multiresolution editing with a linear time complexity. We also
demonstrated that proper optimization brings this analysis into interactive speed, for both curves
and surfaces, using state of the art graphics workstation.
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A Appendix

This section lays out two ways to compute the inner product of two Bspline basis functions ¢ and ~,

o0

sy = [ (nn (0

a

<.t >= [
where [a, b] is the intersection of the finite supports of &(t) and ~y(¢).

In Section A.1, the inner product is computed using a decomposition of Bspline curves into
piecewise Bézier curves, by splitting the Bspline function at all its interior knots. In Section A.2,
the inner product is computed directly on the original Bspline function. One should recall that all
we are interested in is the numeric value of < ¢(¢),v(¢) > and not the exact representation. Hence,
both methods are equally valid.
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A.1 Inner Product Computation using Bézier decompostion

We are interesting in finding the product of two non-uniform Bspline basis functions, B; ;+ and
B;s1,. Denote by B;,+ € Vy the ¢th Bspline basis function of order k defined on knot sequence
7. Hence, ||7|| > 2k, and let Vi be a piecewise polynomial space prescribed over the corresponding
knots of 7.

Denote by m(t), t € T, the multiplicity of single knot ¢ € 7. Let B,y € V7 and Bj 1 € V.
Define a new knot vector 7 such that for every knot ¢ € 7 either ¢t € 71 or t € 75 or both. Moreover,
m(t) = k — 1(s — 1) for all interior knots ¢ of 71 (s of 7). Refine By and B, 1, into the space
Vi of order s + k — 1, at every knot /7 and /73, respectively.

With Va, V@, C Vi, the refined coefficients are computed using knot insertion (The Oslo
algorithm) [1, 13].

Now, the Bspline space of the product is a set of products of pairs of Bezier curves in each non-
empty interval. The evaluation of the product of two Bezier curves [8] on each interval produces a
Bezier curves:

=PI P = ) (Z PP ((2+())) (1), (10)

1=0 \7=0 it

where { P/} and { P?} are the control points of Cy(t) and Cy(t) respectively, and 67 (t) is the Bernstein-

Bezier basis function:
07(t) = (7)(1 — )"
7

Finally, the integral of a scalar Bezier curve equals [8]:

/C(t):/gPZH?( - Lnt (] 1P)9n+1 (11)

=0

A.2 Inner Product Computation using the Bspline representation

While one can decompose a Bspline curve into a sequence of Bézier curves, by splitting it at each
and every interior knot, one can compute the inner product form, directly on the two Bspline curves.

The product of two Bspline curves is also a piecewise polynomial and hence, is representable
as a Bspline curve. In [6, 14], methods are described to compute the product of two Bspline basis
functions either directly or via an equivalent interpolatory problem and represent the result as a
Bspline function of a higher degree. Herein, we layout the way the integral of a Bspline function can
be computed and represented as a piecewise polynomial Bspline function of one degree higher.

Let C(t) be a Bspline curve of order k, C'(t) = X2, P;NF(t).

The integral of C(t) is equal to,

/C( /ZPNk ZP/Nk (12)
The derivative of a Bspline basis function [8] is equal to,

Nik/(t) _ (k N 1) (tNi i (t) . Nz’-l—_l (t) ) ) (13)

ith—1 — b gk — g
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By integrating both sides of Equation (13) and rearranging, one gets,

NEL( ——th /Nfl ),
Z—I—k 1 — / —1 ( Z—I—k Z-|—1 +1

/Nz’k(t) = % (%k —1;) NI (1) + T / i1 ( ) ' (14)

Z—I—k—l—l - tz—l—l

or

For the last nontrivial domain of C(t), t € [ty, tmt1)

/NT]Z(ZL) = %(tm-l—k - tm) Nri—l—l(t)?

since N£ (1) is zero in this domain. Using the recursion relation of Equation (14), one can also get

[ V@)

By substituting [ N(¢) from Equation (15) into Equation (12),

/C(t) - iPZ»/Nf(t)

m

(1 1) N4 1) = e 210 ZN’““ (15)

Jj=t

Pvl»—k

i=i

since 372 >0, follows the same sequence of indices as >7 S,
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