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Abstract rithm has yet been developed for equations of a general
type.
We propose an algorithm for contouring-manifolds For the special case where = 2 andn = 3, the prob-

(k = 1,2) embedded in an arbitrary-dimensional space. lem is reduced to that of intersecting two implicit surfaces:
We assumen(— k) geometric constraints are represented as
polynomial equations im variables. The common zero-set Fi(z,y,2) = Fa(z,y,2) = 0.

of these(— k) equations is computed asaor 2-manifold,  computing a surface-surface intersection (SSI) is known to
respectively, fok = 1 or k = 2. Inthe case of-manifolds,  pe one of the most challenging problems in geometric com-
this framework is a generalization of techniques for con- putation, especially when the two surfaces are both either
touring regular intersection curves between two implicitly- parametric or implicit [9]. Because of the difficulty in deal-
defined surfaces of the forfi(z,y, z) = G(x,y,2) = 0. ing with the general situation, grid-based techniques such
Moreover, in the case atmanifolds, the algorithm is sim- 55 Marching Cubes or Dual Contouring are a reasonable ap-
ilar to techniques for contouring iso-surfaces of the form nr9ach to approximating the zero-set. The precision of the
F(z,y,z) = 0, wheren = 3 and only one£ 3 —2) con-  sp|ytion is, however, limited by the grid size employed in
straint is provided. By extending the Dual Contouring tech- the computation.

nigue to higher dimensions, we approximate the simultane- | this paper, we consider the following more general
ous zero-set as a piecewise lineiaror 2-manifold. There  proplem:

are numerous applications for this technique in data visu-

alization and modeling, including the processing of various ~ Fi(z1,72,-++,2,) =0, i=1,---,;n—k, k=1,2,
geometric constraints for freeform objects, and the compu-

) . ; where the zero-set of these— k simultaneous equations
tation of convex hulls, bisectors, blendings and sweeps.

generates a 1- or 2-manifold, respectively,foe 1 or k =
2 in ann-dimensional space.
1. Introduction Each cubic cell in a three-dimensional grid Jaube)
has six face-adjacent neighborhoods. Dual Contouring tech-
Given a scalar field”(z,y, z) in a three-dimensional  njques utilize this connectivity. In the case of atube (a
space, the problem of constructing its iso-surfaces hyper-cube inn-dimensions), there argn adjacent cells,
F(z,y,2) = c has important applications in implicit sur-  each of which shares gn — 1)-cube with the givem-cube.
face modeling as well as in volume visualization. The Although this may look quite complicated, the situation is
Marching Cubes [15] algorithm and Dual Contouring tech- surprisingly similar to the three-dimensional case.
niques [6, 11] have been used quite successfully in solving  The key observation in this paper is thatagubic cell
this problem. containing a 1-manifold has only two neighborhood cells
An iso-surface is essentially the zero-set of one equa-connected on the 1-manifold, except for some degenerate
tion in three variables. In computational science and engi- cases. Based on this simple observation, we can extend the
neering, we often encounter a situation where one needs t@ual Contouring approach from three dimensions to arbi-
solve a set ofn. polynomial equations in variables: trary n-dimensional spaces. A similar argument can be ap-
plied to a 2-manifold. Am-cubic cell on a 2-manifold has
four such neighborhood cells.
Although solving a simultaneous system of equations is a A naive extension of the Dual Contouring method, how-
familiar problem, no sufficiently robust and efficient algo- ever, finds difficulty in handling degenerate cases, which
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occur where the 1- or 2-manifold solution manifold passes 2. Related Previous Work
through vertices, edges, on — k)-cells, for somek > 1.
Since the Dual Contouring method is based on the con- The Marching Cubes algorithm [15] generates discrete
nectivity between face-adjacent solution points, we need topoints on the iso-surface (i.e., where the edges of each cube
devise a new scheme for handling degenerate cases. Thitersect the surface). The Extended Marching Cubes algo-
problem becomes even worse if one examines higher di-rithm [13] adds some additional cell-interior points that cap-
mensional spaces given that there is a significantly higherture sharp features of the iso-surface. As already mentioned,
chance of getting degeneracies. In this paper, we propose ghese methods are not applicable to higher-dimensional
tangent space-based scheme to resolve the degenerate casggaces: as the number of dimensiansicreases, the num-
Using the tangent space, we can locally approximate the sober of vertices and edges of arcube increases exponen-
lution manifold. We first pre-classify all the abnormal solu- tially and the Marching Cubes approach becomes very com-
tion cells degeneracies have a likelihood of occuring. The plex.
tangent space at these cells gives the correctinformation for - pya| Contouring methods [6, 11] are based on the con-
aconnection. nectivity of adjacent cubes through common faces. The ‘du-
, . ality’ of this approach to Marching Cubes was originally ob-
The presented algorlthm is als_o based_on a general apgeryed in the duality of their triangulations of an iso-surface.
proach for constructing the solution manifold. Elber and |, 5, dimensional setting, we can also observe a different
Kim [5] approximated the solution set by fitting a 1- or 2- 0o of quality: as the number of constraints increases, the
manifold to a set of discrete points. Thus, the parameteriza-gimension of the constraint manifold decreases. The March-
tion of the solution manifold usually depends on the origi- g cypes method deals with the constraints, whereas the
nal curve or surface in [S]. One needs to devise a problem-p 51 contouring method considers the constraint manifold
specific way to parameterize the solution manifold if 0ne jse i since we are considering low-dimensional manifolds,
tries to fit the solution set using a set of discrete points. Bi- the Dual Contouring approach is more appropriate for our
sector surfaces, for instance, are fitted following the param—pr0b|em' The Marching Cubes approach might, however,
eterization of one of the given freeform surfaces [4]. An ex- o \;seful in applications involving a small number of con-

treme case may require special treatment in the constructionyyaints where each constraint is defined by a large number
of the solution manifold. In this paper, we devise a general o iables

algorithm for contouring a 1- or 2-manifold that is indepen- Lane and Riesenfeld [14] proposed a subdivision-based
dent of both the specific problem and the particular case. . o i
approach for the computation of roots of univariate polyno

One may wonder whether this problem might also be mial functions, using the BernsteinéBier basis function.
solved using a Marching-Cubes approach. In the case of Nishita et al. [17] introduced a &ier clipping technique

high dimensional spaces, the Marching Cubes approach beﬂ,‘at can very efficienFIy computg the common TOOIS ‘?f two
comes more complicated than Dual Contouring. Considerb'va”ate Bezier functions. Looking at higher dimensions,

the case of a 2-manifold contouring. Note that there2&re She_rbrooke and Patrikala_\kis [21] pres_ented an _approgch to
vertices in ann-cube. Moreover, each vertex hasedges _solvmg a §et Of multivariate polynon_mal equations given
and each edge is shared by two vertices: thus, we alsd" Bernstein-Ezier form. These techniques can be applied
haven2"~! edges in am-cube. In addition to that, we where the number of equations is the same as the number of
have to deal with{n — 2) scalar fieldsF-(xl oo z) for variables (i.e., when the solution sets are discrete).
i=1,---,n — 2. Itis more difficult to extend the March- Sederberg and his colleagues [19, 20] introduced the
ing Cubes approach to an arbitrary dimension because of itfoncept of a normal cone and a surface bounding cone,
exponential complexity growth. This also holds for a simi- which can guarantee that the intersection curve of two sur-

lar piecewise linear method in the area of numerical contin- faces has only a single branch. By interpreting the zero-set
uation methods [1, 2]. computation as the search for an intersection between mul-

tivariate implicit hyper-surfaces, Elber and Kim [5] adapted
The rest of this paper is organized as follows. In Sec- these tools to higher dimensions.

tion 2, we briefly review previous results. In Section 3 Hyper-surface bounding cones guarantee that the im-
we discuss five illustrative examples where each geomet-plicit hyper-surfaces intersect each other transversally in the
ric constraint problem can be reduced to that of solving a domain and thus ensure that each domain contains only one
system of non-linear equations. In Section 4, we present theconnected component of the solution set. Once this condi-
Dual Contouring technique that generates the contouring oftion is met, a simple subdivision scheme provides an effi-
a 1- or 2-manifold in am-dimensional space. Experimen- cient way to generate a dense distribution of discrete points
tal results are shown in Section 5. Finally, in Section 6, we across the solution set. Elber and Kim [5] approximated
conclude. the solution set by fitting a hyper-curve or hyper-surface to



these points. In this paper, we consider a complete solutionWe formulate the problem as the following system of two
where we connect the solution points in a correct topology. polynomial equations in three variables [23][16]:

This connectivity information is useful in progressively im-

proving the precision of the solution by local refinements F(u,v,1)

(i.e., without repeating the global curve or surface fitting). = A ®)[S(u,v)] A(t) B‘g(u,v)} A(t) BS(%U)”
u (
: : : = 0, 4
3. Solving Geometric Constraints G(u,v,t)
A large variety of geometric problems can be reduced to <A(t) [S(u, v)] = P, A®)[N (u, ”)]> =0. ©)

the solution of a system of multivariate polynomial €qua- javing two polynomial equations in three variables, the
tions. Kim and Elber [12] surveyed the general paradigm of o5 \mon zero-set generates 1-manifolds. Figure 7 shows

reducing geometric constraints to a set of non-linear equa-yo examples of computing the silhouette curves of a gen-
tions. In this section, we present a few examples to illustrate . swept volume

our motivation for this work.

3.3. Computing Bisectors
3.1. Computing Convex Hulls

Consider the bisector surface of two rational surfaces
Given a concave freeform surface or a set of freeform sur-S; (u,v) and Ss(s,t). Each point(z,y,2) on the bi-
faces, we consider the problem of computing their convex sector surface is at an equal (orthogonal) distance from
hulls. A pointS(u, v) on a rational surface is contained in S (u, v) andS»(s, t); Elber and Kim [4] reduced the prob-
the boundary of the convex hull if and only if the surface lem of computing the bisector surface into that of solving
S is completely contained on one side of the tangent planetwo polynomial equations in four variables:
T'(u,v). Thus, by computing bi-tangent planes of the given
surfaces, we can determine developable surfaces that con- Fi(u,v,5,t) = 0,
tribute to the boundary of the convex hull [22]. Computing B(u,v,5,t) = 0. )

a bi-tangent plane can be resolved by solving the follow- Figure 1 shows an example of a bisector surface between
ing three equations in four variablesv, s, t: two freeform surfaces. Elber and Kim [4] approximated the
solution set by fitting a hyper-surface to a set of discrete so-
Flu,v,8,t) = (S(u,v) = S5(s,1), N(u, v)) = 0,(1) lution points. However, near the self-intersecting region, the
G(u,v,8,1) = Fs(u,v,5,t) =0, ) fitted surface is not sufficiently accurate. Figure 8 shows ex-
H(u,v,5,t) = Fy(u,v,s,t) =0, ®) amples of surface-surface bisectors that are generated by ap-

. . lying the contouring algorithm presented in this paper.
where F; and F; represent the- and¢-partial derivates of Ping 949 P pap

F(u,v,s,t), respectively. Having three polynomial equa-
tions in four variables, we get a 1-manifold as the common
zero-set. Two examples of computing bi-tangent planes are The swept volume of a three-dimensional objéctin-

shown in Figure 6. der an affine transformatior(¢) is given by U, A(t)[O].
Assuminga < t < b, the boundary surface of the

3.2. Computing Perspective Silhouettes of a Gen- swept volume consists of some patchesAtt)[S (u, v)]

eral Swept Volume and A(b)[S(u,v)], together with the envelope surface,

which is the set of pointsi(¢)[S(u,v)] that satisfy Equa-

Consider the silhouette curves of a general swept volume.tion (4). Figures 9 shows two examples of a general

Let O be a three-dimensional object bounded by a freeform sweep. Joy and Duchaineau [10] computed the bound-

surfaceS(u,v), and letA(t) denote an affine transforma- ary of a swept volume using a Marching Cube algorithm in

tion represented by4i< 4 matrix. Each instance of the mov-  zyz-space. The envelope surface is usually more compli-

ing objectO’ under the affine transformatiofi(¢) touches  cated inxyz-space than its counterpart in thet-space;

the envelope surface of the swept volume along a characthus it is much easier to deal with the problem in the pa-

teristic curveK*, the curveK at timet. The characteris-  rameter space.

tic curve K is a curve that contributes to the envelope sur-

face. Moreover, the same instance of the movigg object has3 5. Blending of Two Freeform Surfaces

its silhouette curveS?, from a viewing positionP, on the

boundary of the moving object. The intersectifir N S* Given two freeform surfaceS; (u,v) and Sa(s,t), we

contributes to the silhouette of the general swept volume. consider the construction of a smooth blending surface be-

3.4. General Sweep Computation



Figure 1. Bisectors between two freeform sur-

faces. The bisector surface is approximated Figure 2. The result of the subdivision stage
by fitting a surface to a set of discrete so- of the solver is a set of n-cubes that inter-
lution points, the result of solving a set of sects the 2-manifold solution set.

Equations (6). Thus, the bisector is not suffi-

ciently accurate near the self-intersecting re- ) o )
gions. Compare this result with Figure 8(b). where the Newton-Raphson is applied sirdimensional

space. The projected points are laid on the 1-manifold so-
lution curve or on the 2-manifold solution surface with
high precision. After the projection, the points are con-
nected to other solution points in adjacent cells. In this
section, we present a new algorithm for connecting the so-
lution points in the 1- and 2-manifolds. Note that a
discrete solution point only has a list of face-adjacent so-
lution points. Basically, we extend the Dual Contouring
method from three dimensions to arbitrarydimensional
S1(u,v) + a1 N1 (u,v) = Sa(s,t) + aaNa(s, t), 7) spaces.
a2 +ai+1—2a; —205=0, (8)

tween the two surfaces. The potential method of Hoffmann
and Hopcroft [8] computes a smooth blending surface be-
tween two implicit surfaces. We apply a similar technique

to the blending of two parametric surfaces, where a blend-
ing surface is determined by the following system of four

equations in six variables, v, s, t, a1, andas:

4.1. 1-Manifold Solution
where N; is the normal of a surfacs;, for i = 1,2, and

Equation (7) represents three scalar constraints. Hating  If a solution cell has only two face-adjacent cells, it
constraints, the resulting zero-set generates a 2-manifold ins straightforward to connect the solution points to form
a 6-dimensional space. Figure 10 shows two examples ofa ynion of1-manifold polylines. However, there are also

constructing a smooth blending surfaces. cases where the original 1-manifold solution curve nearly
passes through vertices, edges, or{ k)-cells, for some
4. Contouring Methods k > 1. Figure 3 shows an analogy of this situation in the

2-dimensional case. In Figure 3(b), the solution poipts

Given a set of multivariate polynomial or rational equa- andq can be connected through an adjacent cell, either
tions represented as B-spline functions, Elber and Kim [5] or s. We call these cubasands abnormalsince their pro-
isolated then-cubic cells that contain the zero-set of these jected solution points lie outside the cube. This degenerate
equations by recursively subdividing the B-spline functions, case occurs since the B-spline subdivision maintains the set
in all dimensions. The subdivision process continues until of valid n-cubic domains conservatively. In this case, the
reaching a given maximum depth of subdivision. At the end solution pointsp andq have more than two face-adjacent
of this subdivision step, we bound a 1- or 2-manifold us- cells. Thus, the union of the remainimgcubic cells may
ing a set ofn-cubic grid cells of the same size. Figure 2 generate a thick volume surrounding the 1-manifold solu-
shows one simple example of the result of this subdivision tion set. We need to eliminate some redundant cells so that
stage, where the solution space is a 2-manifold. the solution set can be properly represented as a union of

The centroid of eachn-cubic grid cell that results 1-manifold polylines.
from the subdivision stage is projected onto the 1- or The problem becomes more difficult when we con-
2-dimensional solution manifold using a numeric step, sider higher dimensional spaces since the extra di-



(b)

(b) Figure 4. The connecting problem becomes
considerably more complex as one examines
higher dimensions.

Figure 3. (a) The zero-set typically passes
through the faces of cubic cells; but (b) it can
also pass through a vertex to produce two re- redundant solutions. We need to eliminate most of them,
dundant solutions  r and s. while using the cluster information to connect two nearby
polylines smoothly. For this purpose, we construct a tan-
gent line to thel-manifold solution curve irR™ at eachab-
mension introduces a higher probability of yielding normalsolution point. Then, we take an average of the tan-
degeneracies. Figure 4 compares the problem of trac-gent lines and locally approximate the solution manifold.
ing a curve in 2-dimensional and 3-dimensional grids. We then parameterize the danglingrmal solution points
In the case of Figure 4(a), two solution cells are con- using the tangent line to connect them.
nected through one face-adjacatinormalcell. However, In Figure 4(b), we have a cluster of skbnormalsolu-
in the 3-dimensional case, a pair of face-adjacammor- tion cells near th@ormal solutionse andd. These two so-
mal cells connects two solution cells (see Figure 4(b)). lution pointse andd are dangling after we finish contour-
It is thus much more difficult to deal with the degener- ing along face-adjacenbrmalcubes. We compute the cen-
ate cases in higher dimensions than in lower dimensions. Introid of six abnormalsolution points and project it into the
Section 5, we compare the probability of getting degenera-1-manifold curve to get an optimal solution point. We then
cies according to the dimensionality of the problem. Since compute a tangent line at the solution point to connect two
we are considering a 1-manifold solution in arbitrary di- danglingnormalsolutions through the intermediate solution
mensions, we need to devise an algorithm for handling point (See Figure 5). In summary, a clusteabhormalso-
these complex degeneracies. lution cells gives topological information on how to connect

To resolve the degenerate cases, we apply differ- the danglingnormal solution points and make a bridge be-
ent schemes ta-cubic solution cells depending on their tween the two danglingormalsolutions. In the case of 1-

classification. We classify a cube amiarmal one if a nu- manifolds, the connection for two dangling solution points
merically improved solution point lies inside the cube. is trivial. Furthermore, a similar approach using an appro-
Otherwise, we treat a cube as ahnormalone. In F|g_ priate tangent space works for 2-manifolds or hlgher dimen-
ure 3(b), two solution pointp andq arenormalcubes, and ~ Sional manifolds. _ _

r ands are classified asbnormalones. When aormalcu- ~ The tangent line to the 1-manifold solution curvert

bic cell has a face-adjacenbrmal cube, we connect them  is spanned by a single vector denotedThis vector should

by an edge. be orthogonal to the normal space of the 1-manifold solu-

When we finish contouring along face-adjacentmal tion set. This pormal space is spanned by the gradients of
cubes, we may end up with 1-manifold polylines with dan- &l the constraints,

gling normal cubes at their ends, each with only one face- G={VEW) |i=1,--,n—1},

adjacent normal cube. Two such nearby polylines are con-

nected through a cluster @bnormalcells, which forms  whereu = (zy,---,x,) is a point projected onto the 1-
a thick volume connecting the two polylines. Recall that manifold. Let{¢; | i = 1,---,m}, (n < n — 1), denote a

abnormal cubic solution cells are produced when the set of linearly independent unit vectors generated from the
manifold solution curve passes through vertices, edges, orsetg by applying the Gram-Schmidt orthogonalization pro-
(n — k)-cells, for somek > 1. Theabnormalcubes are  cess [7]. Now, from a standard bagis;} of R™, we con-



struct a set of vectors
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each of which is the projection @f to the space orthogo-
nal toG. We selectn — m) independent vectors of the
largest magnitude as, - - -, v,,_,,, Which span the space
orthogonal tog. In contouring a 1-manifold solution, we
select a single vectat; of the largest magnitude and de-
note it asv;. The overall procedure is summarizedilgo-
rithm1.

-
o (O
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Figure 5. (a) Abnormal solution cells make
a cluster near the dangling normal solution
cell. (b) A tangent line provides connection
information for two dangling solution points.

4.2. 2-Manifold Solution

The algorithm for contouring a 1-manifold solution can
easily be extended to the tessellation of a 2-manifold in ar-
bitrary dimensions. If a solution cell has only four adjacent
cells, the connection of solution cells intc2amanifold is
straightforward. When aormal cubic cell has four face-
adjaceninormal cubes, we construct four triangles by con-
necting them. We do not take into accoainormalcubes
when we are dealing with th@ormalcube. Then, similarly
to Section 4.1, we get polygons with danglimgrmalcubes
at their ends, which have less than four face-adjanent
mal cubes. These danglingormal cubes must have a set
of face-adjacenabnormalcubes. A cluster of thabnor-
malsolution cells will fill the gap between two disconnected
polygons in a similar way to the cluster abnormalcubes
as discussed in Section 4.1.

In the contouring of a 2-manifold surface, we construct
a tangent plane to tizmanifold inR™ and locally approx-

imate the solution set. Using the tangent plane we connect

a set of danglingnormal cubes with a triangular mesh that

fills the gap in-between them. That is, we reduce the prob-

lem of tessellating the 2-manifold iR™ to that of triangu-
lating on a hyper-plane in the degenerate case.

The tangent plane in the 2-manifold solution7Ri" is
spanned by two independent vectors denatedand vs.
These vectors can be computed in a similar way to the
case of 1-manifolds. Here, we select two independent vec-
tors,v; andwsy, of the largest magnitude among the vectors
v1, -+, Un—m, Which span the space orthogonaficAlgo-
rithm1 also summarizes this overall procedure.

When the normal vectors span a vector space of a di-
mension lower than( — 2), the constraint manifold thick-
ens and may become a 3-manifold or have an even higher
dimensionality. It is very difficult to deal with this degen-
erate case reliably. An analogy can be found in trying to
intersect two almost overlapping freeform surfaces, a situ-
ation that is problematic for many SSI algorithms. Even in
this difficult case, the Dual Contouring approach would pro-
vide a reliable solution to the extraction okedimensional
constraint manifold, fok > 2. The k-dimensional tangent
spaces play a role similar to the one the tangent planes in
the 2-manifold case play.

5. Experimental Results

Figure 6 shows two examples of freeform surfaces and
their convex hull, each of which was computed by solving
a system of Equations (1) — (3). In these figudemanifold
curves that determine the boundary curves of the convex
hull patches are shown in bold lines and the convex hull
patch is shown in light lines. Recall that we have to solve
three polynomial equations in four variables for this prob-
lem. The perspective silhouette curves of a general swept
volume can also be computed by using the contouring algo-
rithm proposed in this paper. Figure 7 shows two examples
of computing thel-manifold silhouette curves of an enve-
lope surface, which is the result of solving Equations (4)
and (5).

Figure 6. Two examples of convex hulls of
freeform surfaces, the results of solving a
system of Equations (1) — (3).




Algorithm 1
Input:
Fi,i=1,...,n—k, k=1,2,having(n — k) multivariate rational constraints imvariables;
7 , tolerlance of subdivision process;
Output:
M , ak-manifold approximation in the parameteric spacegf
Begin
(1) S <« ZeroSetSubdi(F;, 7);
for eachn-cubec € S do
Apply the Newton-Raphson method to project the solution poirtiio the solution manifold;
Classify whether is normal or abnormaj
end
for eachn-cubec € S do
if ¢ isnormalthen
Search for all face-adjacent connections;
for every connectedormalcubes, generate a line/triangle;
if ¢ has face-adjacemtonormalcell then
) D < DU {c};
end
end
for each danglingnormalcubed € D do
N « face-adjacenhormalcubes ati;
N « face-adjacenabnormalcubes at/;
for all abnormalconnectionsio
N < NU {face-adjacemiormalcubeg;
N <« NU {face-adjacerdbnormalcubeg;
Recursive upto depth ¢h — 1) layers;
end
Compute a centroid of a séf;
V' <« basis vector(s) which span the tangent space at the centroid;
Parameterize all theormalcubesn € N, over the tangent space spanned/hy
Construct a polyline/triangles from the s€tu {centroid};
for all normalcubes inn € A/ do
Deleten from D;
end
end
return a set of polylines/triangles;
End.

Note.

(1) A function, ZeroSetSubdiy, in step (1) ofAlgorithm1 computes a set of discrete solution points satisfying all the con-
straints#;,i =1,---,n — k.

(2) D represents a set of danglingrmal cells.

the set of Equations (6). The bisector surface may have selfing Equation (4). Figure 9(a) shows the flying motion of a
intersections in regions of high curvature. Figure 8(b) shows boomerang and Figure 9(b) shows its corresponding enve-
such a case. Compare the result with Figure 1. In this prob-lope surface of the swept volume. A more complicated ex-
lem of computing bisectors, we are dealing with two equa- ample is shown in Figure 9(c) and Figure 9(d).

tions in four variables. : .
A smooth blending surface between two parametric sur-

The 2-manifold boundary of a swept volume can also faces can be computed by solving Equations (7) and (8).
be computed using the technique proposed in this paper. AFigure 10 shows two parametric surfaces and their smooth
sweep envelope boundary surface can be extracted by solvblending surfaces. This problem is 6-dimensional.



As mentioned in Section 4, the probability of getting de-

; . . . Normal | Abnormal %

generacies becomes considerably higher as one examines . .

. : ) solution | solution %
higher dimensions. Table 1 compares the numbenasf '
mal andabnormalsolutions according to the dimension of _ Bisector
the problem. Since the problem of computing blending sur- Fig 8(a) 444 306 40.8%
faces has dimension six, it has a higher chance of producing Fig8(b) | 484 1088 | 69.2%
abnormalsolution points than that of computing bisector Fig8(c) | 735 281 27.6%
surfaces or sweep surfaces. The complexity of the solution Sweep
manifold also affects the probability of getting degenera- Figo(b) | 570 [ 182 [242%
cies. Bisectors in Figure 8(b) have self-intersections at high Blending
curvature regions of the surfaces. Thus, they have a signif- Fig10(a)| 1054 1530 59.2%
icantly higher rate of havingbnormalsolutions than other Fig 10(b) 918 1465 61.4%

examples of computing bisector surfaces.

Table 1. The number of solution points in the
experimental results.

by classifying the solution cubes into two groups and con-
structing a tangent space to the solution manifold at the
degenerate solution point. We have also demonstrated this
technique in solving practical problems arising from geo-
metric modeling and constraint solving.

In the current work, we do not consider an adaptive gen-
eration of polylines or triangles according to the shape of
the 1- or 2-manifold. By directly analyzing the curvature
of the manifold, we may generate a better quality of ap-
proximation to the solution. In future work, we also plan to
investigate a similar approach for genekamanifolds, for
k > 3. The general solution is useful, for example, in deal-
ing with degenerate cases that arise from tangential inter-
sections among high-dimensional hyper-surfaces.
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Figure 8. A few examples of bisectors be-
tween two freeform surfaces in  R3, result
of solving a set of Equations (6). Compare
(b) with Figure 1, especially near the self-
intersecting region.
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Figure 9. (a) Flying motion of a plane and (b) the corresponding sweep envelope surface, the result
of solving Equation (4).
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Figure 10. Smooth blending surface between two parametric surfaces, the result of solving Equa-
tions (7) and (8).




