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Abstract

This paper presents a unified view that allows one to consider the global accessibility question in
the context of multi—axis machining, as well as globally quantify and resolve it. No constraints are
imposed on the possible orientations of the tool during the machining process neither are any inflicted
on the shape of the freeform surface. Being global, the presented method augments and complements
contemporary multi—axis tool positioning and verification schemes that were developed in recent years
for 5-axis machining; schemes that identify and resolve the gouging problem on a point by point basis
for each individual point—location along the tool path.

Given a freeform surface to be machined, the orientation of the tool at each surface location, and a
check surface, the outcome of the proposed method is a global dichotomy that provides the regions of
the freeform surface that are accessible without gouging into the check surface.

Key Words: Multi—axis machining, Accessibility, Visibility, Non-linear constraints, Symbolic com-
putation.
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1 Introduction

The advantages of multi—axis machining are quite significant. Faster machining and a nicer finish makes
multi-axis machining a prime selection when 5-axis machining is feasible. Unfortunately, it is far more
difficult to employ 5-axis machining compared to 3-axis modes. These difficulties stem mainly from the more
complex and quite unpredictable motion that is introduced by multi-axis machining. The 5-axis toolpath
introduces many difficult questions regarding the accuracy, validity, and accessibility of the generated
motion commands.

The problem of accessibly, or the ability to verify and possibly correct gouging into the machined
surface or even into other surfaces, is apparently the most fundamental hindering factor in the broad use of
5-axis machining. In 3-axis machining, the orientation of the tool is fixed and hence one is able to reduce
the problem of accessibility in 3-axis machining to the problem of hidden surface removal of the same scene
from a direction collinear with the tool axis [5, 12]. The fact that the tool has a finite thickness can be
compensated for by offsetting all the check surfaces by the radius of the tool. The use of Z-buffer [10]
based hidden surface removal techniques to verify and correct the 3-axis toolpath, is a common practice in
many contemporary computer aided manufacturing algorithms [18, 19, 21].

Solutions to the accessibility, verification, and correction problems in 5-axis machining modes are not
many. The problem of tool accessibility can be subdivided into two almost independent questions. The
first weighs possible local gouging and optimal tool placement, taking into account only the tip of the tool.
The second problem considers the detection of global gouging, by testing for possible collisions between
the entire tool as well as the tool’s holder, and other surfaces.

Given a surface location, the problems of local gouge prevention and selections of optimal tool orien-
tations attracted the attention of several researchers with some successful results. Solutions to this local
problem were found by forming a polygonal approximation to the surfaces [17] and/or employing iterative
numerical solutions to the position of the tool by formulating optimization problems that are subject to
being collision and gouging free [3]. Other similar attempts exploited highly populated nets of points or
normal vectors to approximate the surface [13]. In [14, 16], the effective curvature of the tool at the con-
tact point is derived from its silhouette and is matched against the curvature of the surface by setting the
proper tilt of the tool from the normal of the surface, yielding an optimal machining operation, in 5-axis
machining modes.

A first attempt at the global interference problem might be to expand the Z-buffer idea by one dimension
and create a volumetric representation of the entire stock that is encompassing the machined model. Such
a naive approach has two major drawbacks. First, it would entail the use of huge amount of memory.
Consider a small one inch cubed model and a moderate tolerance of a thousandth of an inch. For this unit
size stock and a resolution of one thousand, one is required to provide 1000 or one billion volumetric cells
(voxels). In contrast, a two dimensional Z-buffer for 3-axis machining and the same size and resolution
would require 10002 or one million cells, a size that is acceptable even for low-end workstations. Therefore,

careful compact enumeration of the cells in the volume is crucial, in order to bring the amount of memory
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that is exploited to feasible magnitudes. One can envision different spatial enumeration schemes that may
be employed in this context. For example, in [11], an approach that is based on unidimensionally elongated
volumetric strips is proposed for 5-axis NC verification.

Research to gain insight into the visibility and accessibility problems in freeform surfaces have yielded
several fruits, in recent years [5, 12]. The notion of visibility maps that are derived from the Gauss map [4]
of the surface was introduced in [1, 2] for polyhedral models and for freeform surface in [8]. In [15, 20], these
maps are used for determining the accessibility of a tool, given its point location, exploiting the subdivision
and convex hull properties of the freeform Bézier and NURBS surface representations to compute directional
bounds. In [9], given a prescribed cone of visibility, the freeform surface is subdivided into regions that fits
into a single visibility cone. Hence, the union of these regions provided a coverage for the entire surface,
given the cone’s prescription.

In a 3-axis machining mode, every point in 3-space is projected along the fixed direction of the orien-
tation of the tool onto the machined surface. This qualification of the configuration space of the 3-axis
machining is a crucial component in the simplicity of its accessibility analysis. Unfortunately, this qual-
ification does not hold for 5-axis machining, for example, for the case of NC machining while the tool
is oriented along the normal of the surface. Two normals emanating from two different points on the
surface might intersect at the same 3-space point, p. When trying to resolve the accessibility of this 5-axis
machining problem, a point p on a given check surface might affect two completely different and disjoint
points on the surface!

All the above surveyed methods resolve the accessibility problem on a point by point basis. Given a
point location of the tool, these methods verify and possibly correct the tool orientation. Nonetheless, in

this work we are interested in the ability to resolve this problem for the entire surface:

GAP (Global Accessibility Problem): Given a surface S(u,v), a vector field O(u,v) that
prescribes the orientation of the tool at each (u,v) location on the surface, and a check
surface K (s,t), find all regions in S(u,v) that are O(u, v)-accessible with respect to K (s,t).

Providing a global solution has many advantages over a point by point local validation and correction
approach. First, the solution is independent of the selected toolpath as it solves the general accessibility
problem that is not specific to some given toolpath. Further, by considering the global picture, global
algorithms can be potentially made more accurate and efficient. When a toolpath is validated on a point
by point basis, no guarantee can be made on possible gouging while in between the verified contact point
locations. In contrast, this guarantee is fundamental in global algorithms and, in fact, is cost free once a
global algorithm is employed. Interestingly enough, in [15], the global accessibility question is formulated
as a “Machining Feasibility Checking” (MFC) problem. Nonetheless and while recognizing its importance,
no hints whatsoever for the solution of the MFC problem are actually provided in [15].

Assume an NC machining operation with an orientation that follows the normal of the surface. If the
freeform surface is convex, every point above the surface could be projected along a single normal that
contains that point. In [7], this unique mapping allowed the reduction of this specific accessibility problem

to the 3-axis visibility and hidden surface removal problem. This reduction was conducted by constructing
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Figure 1: The orientation of a tool in 5-axis machining modes can be prescribed, for example, to follow
the normal of the surface (a), go through a point (b), or go through a (circular) curve (c). Several tool

positions are shown.

a one to one and onto warping mapping from the space above the convex freeform surface S(u,v) to a
three dimensional box parameterized by (u,v,v), where 7 is the parameterization along the direction of the
normal. The warping of the check surface, K(s,t), and the exploitation of regular hidden surface removal
tools results in [7] in the accessible regions of S(u,v) as portrayed in the GAP above.

Nevertheless, the problem of accessibility in 5-axis modes is more general. The orientation of the
machining tool need not follow the normal of the surface asin Figure 1 (a), but can be arbitrarily prescribed.
For example, the toolpath may follow a toolpath orientation through a point as in Figure 1 (b). Here, the
infinite line of the tool axis is coerced to go through both the contact location with the machined surface
and some prescribed point(s). This machining mode might be useful in machining cavities with negative
slopes (see Figure 1 (b)). Similarly, one might enforce a machining operation with the toolpath orientation
through a curve (see Figure 1 (c)). Clearly, other possibilities for the selection of the orientation of the tool
may be employed. In this context, the regular hidden surface removal problem in computer graphics [10]
is a special GAP problem for which O(u,v) is fixed and follows the viewing direction.

In the ensuing discussion, we assume that both the surface to be machined and the check surface are
regular C'! continues surfaces. Also, we assume that the check surface is closed and it has already been
offset by an amount equal to the tool radius. Hence, we can consider the accessibility problem as an
intersection problem between a line along the axis of the machining tool and the (offset of) the check
surface.

In this work, we consider a zero radius tool because one can always reduce the problem of a tool of
radius r to a tool of zero radius and an offset check surface by radius r [7]. Moreover, in the ensuing
discussion, we will concentrate on global gouge detection away from the tip of the tool, complementing

local accessibility methods [3, 14, 13, 16, 17]. This paper is organized as follows. Section 2 surveys the
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Figure 2: Assume an NC machining operation with orientations following the normal of the surface. On
the boundary between the accessible and inaccessible regions in (a), the normal of S(u,v), n®(u,v), must
be perpendicular to the normal of the K(s,t), n*(s,t). Similarly, the vector S(u,v) — K(s,t) must be
perpendicular to nk(s,t). As is shown in (b), these two conditions are insufficient as they do not coerce
n®(u, v) to be collinear with S(u,v)— K(s,t). The original surface in (a) is rotated at the contact location
point in (b) along the n*(s,t) vector. The original surface is shown in (b) in thin lines.

necessary background. In Section 3, we present the proposed algorithm while some results are depicted in

Section 4. Finally, we conclude in Section 5.

2 Background

Denote the freeform surface to be machined by S(u,v) and let K(s,t) be the check surface. In [7], two

conditions were proposed toward the detection of the boundary of the accessible surface (See Figure 2 (a)):

<nk(s,t),n5(u,v)> =0,
(n*(5,1), S (u,v) = K(s,1)) =0, (1)

where n*(s,t) and n°(u, v) are the normal fields of K (s,t) and S(u,v), respectively, and are not necessarily
normalized.

Equations (1) were not employed in [7] toward a solution of the GAP for several reasons. First and
foremost, and as pointed out in [7], the constraints that these two equations impose are insufficient. The
vector of n®(u,v) is not constrained to be in the direction of S(u,v) — K (s,t). The scene in Figure 2 (b)
was derived from Figure 2 (a) by rotating S(u,v) at the machined point along the vector n*(s,t). Hence,
n(s,t) and n*(s,t) remain perpendicular, yet n°(s,t) is no longer collinear to vector S(u,v) — K (s,t).

Moreover, Equations (1) are restricted to a 5-axis machining mode with a tool orientation that follows
the normal of the surface. Finally, since the approach requires one to find a solution for a four variate
problem, one should expect this approach to be slow.

For all these reason and since a more efficient approach has been proposed in [7] for the restricted

case of convex surfaces machined with a tool orientation along the normal of the surface, the potential
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of Equations (1) was not deeply explored in [7]. Nevertheless, in Section 3, we revisit this approach
and define the sufficient conditions for the solution. In addition, we extend this approach for arbitrary
type of machined surfaces and arbitrary tool orientations, providing a unified global solution to all 5-axis

accessibility questions.

3 Algorithm

Denote the arbitrary tool orientation at surface point S(u,v) by O(u,v). That is, given a surface location
S(u,v), O(u,v) prescribes the tool orientation there. For example, for the orientation scheme proposed in
Section 1, one can get:

O(u,v) = n*(u,v), for an orientation along the normal of the surface,

O(u,v) =P — S(u,v), for an orientation through a point P, (2)

O(u,v) = C(u) — S(u,v),  for an orientation through a curve C.

Assume O(u,v) is contained in the tangent plane of S(u,v) at some location. Since S(u,v) is regular,

for every (u,v), either

O(u,v) X % 20, (3)
O(u,v) x % # 0. (4)

Alternatively, if O(u,v) is contained in the tangent plane of S(u,v) at no location, both conditions (3)
and (4) would hold for the entire domain.

Therefore, and without any loss of generality, assume O(u, v) X W # 0. Then, we define,

O7f(u,v) = O(u,v) X %,
O3 (u,v) = O(u,v)x O7(u,v), (5)

as two vector fields that span the plane orthogonal to O(u,v), in IR>.
Armed with these vector fields, we are ready to define the necessary and sufficient conditions for the

boundary of the accessible regions of S(u,v):

Falu,v,5,1) = (n"(s,1), S (u,v) = K(5,1)). (6)

The three functions of Equations (6) are the result of symbolic differentiation, differencing, and multipli-
cation operations over piecewise rational functions, operations that are closed for this domain of piecewise

rationals [6]. Then,
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Lemma 1 A (u,v,s,t) point would be on the boundary between a O (u, v)-accessible and O (u, v) -

inaccessible regions of S(u, v) if and only if the following constraints are simultaneously satisfied:

Fi(u,v,s,t)
Fa(u, v, s,t)
Fs(u,v,s,t) =

0,
0. (7)
Proof: We have to show that constraints (7) forces the tool to be oriented along O(u,v) and that the
axis of the tool is tangent to K(s,t). The tool orientation is prescribed by S(u,v) — K(s,t).
F1 and Fy coerce S(u,v)— K (s,t) to be perpendicular to the two fields spanning the plane orthogonal to
O(u,v). In other words, these two equations coerces S(u,v) — K (s,t) and O(u,v) to be collinear. F3 forces

the contact point on the check surface, K (s,t), to have tangent continuity by constraining the orientation

direction to be perpendicular to ng(u,v). H

These are necessary and sufficient conditions. We are completely constraining the tool’s orientation
while also forcing the contact point at the check surface to provide tangent plane continuity. We are
presented with three Equations (7) in four unknowns (u,v,s,t). Hence, the solution is expected to have
one degree of freedom or is a univariate. This curve indeed delineates the O(u,v)-accessible region in
S(u,v) from the inaccessible regions.

Consider the case when O(u,v) = n°(u,v). One can employ the partial derivatives of S(u,v) instead
of OF (u,v) and OF(u,v). Therefore, for the specific case where O(u, v) = n®(u,v), one can also employ,

<%’S(W> - I((Svt)> — 0,

S (u,v) ) B
<nk(87 t)v S(u7 U) — I((S7 t)> =0,
instead of Equations (7).

3.1 Solving the Equations

The presumably simple set of constraints (7) can be difficult to solve. The set contains three non linear
equations in four unknowns. Favoring a robust solution, we choose to employ a subdivision based method,

that is intermixed with a numerical improvement stage.

Definition 1 A bounding cone, C, contains the prescription of a unit length axial direction V
and an angular span of «. All unit length vectors with a deviation of less than o from unit

vector V are considered bounded by C.

Hence, for a given arbitrary unit vector W:

Wecl <& (W, V)< cos(a).
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Cones bounding all possible directions in the vector fields can be computed for the three vector fields

that are represented using NURRBS, of,

O?(u, U) cCy (0417 Vl),
Og(u, U) C Cy (0427 V2)7
n*(s,t) C Ca(as, Vs),

by examining the control meshes of these vector fields and exploiting the Convex Hull property of the
NURBS representation, the representation we employed throughout this work. A similar cone can be

computed for the vector field of S(u,v) — K(s,t), as,
S(u,v) — K(s,t) C Cq(eva, Va),

by, again, examining all possible differences between the control points of S(u, v) and K (s,t) and exploiting
the Convex Hull property of the representation.

Then, the constraints of Equations (7) can be rewritten as,
Ci(ar, Vi), Ca(aua, Va))

=0,
Ca(az, V), Ca(ay, Vy)) =0,
(Cs(a3, V3),Ca(rq, V) = 0.

(
(

Lemma 2 The inner product of two vector fields bound by the two cones C;(a;, V;) and C;(a;,V;)
might yield a zero result only if the following holds,

%—042'—04]‘<<V¢,V]‘><%—|—0q—|—04]‘, (9)

while recalling that V; and V; are unit length vectors.

Proof: By considering the possibility of non trivial intersection of two cones sharing a single apex. Let
v; € Ci(a;, V;) and v; € Cj(avj,V;) and assume (v;,v;) = 0 = cos (5). In the extreme condition, v; and v;
are on the boundary of the cones or (v;, V;) = cos(a;) and (v;,V;) = cos(a;). Hence, the angle between V;
and V; is bounded by (%) + (o + ).

|

A subdivision algorithm to simultaneously resolve Equations (7) is now readily available. Subdivide
both surfaces in either one of u, v, s or ¢ until either the subdivided patches are sufficiently small or until
one of the three conditions of Equations (8) can never be satisfied, as can be tested via Equation (9).
Algorithm 3.1 presents the entire subdivision process.

Figure 3 (a) shows the set of points that were extracted using Algorithm 3.1 for a simple case of an
almost flat surface S(u,v) and a spherical check surface K (s,t), and an orientation that follows the normal

of the surface.
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Algorithm 3.1

Input:
S(u,v): a surface to be machined;
O(u,v): an orientation field for machining surface S(u,v);
K(s,t): a check surface to verify the machining operation against;
T: tolerance of subdivision;

Output:
S: a discrete set of points on the boundary of the accessible regions of S(u,v),

up to the subdivision accuracy;

Algorithm:
Access5AxisSubdivision( S(u,v), O(u,v), K(s,t), 7 )
begin
O7 (u,v) < O(u,v) x W;
O3 (u,v) < O(u,v) x OF (u,v);
return Access5AxisSubdivisionAux( S(u,v), O7(u,v), OF(u,v), K(s,t), 7 );
end

Access5AxisSubdivisionAux( S(u,v), O7(u,v), OF(u,v), K(s,t), 7 )
begin
Cl(oq,Vl) < bounding cone of Of(u,v);
(042,172) < bounding cone of Of(u,v);
Cs(a3,V3) < bounding cone of n*(s,t);
4(o4,V4) < bounding cone of S(u,v)— K(s,t);
if ( C Upaw — Umin > T OF Vpaz — Upin > T OF Spap — Spin > T OF lygy — i, > 7 ) and
(C1 (a1, V1),Ca(q, Vy)) can assume zero and
(Ca(v2,V2),Cq(q, Vy)) can assume zero and
(C3(a3,V3),Ca(vq, Vy4)) can assume zero ) then

begin
( v), Sb(u v) < S(u,v) subdivided in either u or wv;
o1, (u,v), OF(u,v) < O7(u,v) subdivided in either u or v;
2a(u,v) 2b(u,v) < O3 (u,v) subdivided in either u or v;

K,(s,t), Ky(s,t) < K(s,t) subdivided in either s or ¢;

return { Access5AxisSubdivisionAux( S,(u,v), O?a(u v), Oga(u,v), K,(s,t), 7 ) U
Access5AxisSubdivisionAux( S, (u,v), Of,(u,v), O3, (u,v), Ky(s,t), 7 ) U
Access5AxisSubdivisionAux( S;(u,v), O?b(u,v) Ogb(u,v), K,(s,t), 7 ) U
Access5AxisSubdivisionAux( Sy (u,v), Of(u,v), O (u,v), Ky(s,t), 7 ) };

end;
else begin

return { (umin‘;umam . Umin‘gvmam . 5min‘|2‘5mam . tmin‘lz'tma.r ) };

end;
end;
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Figure 3: In (a), the set of points extracted from the subdivision process of Algorithm 3.1 is shown. In
(b), the same set is presented after employing the numerical improvement stage.

One can continue the subdivision process in Algorithm 3.1 until the size of the patch is sufficiently
small. Nevertheless, the process can be quite slow. Instead, we resort to a second numerical step once a
rough approximation has been robustly computed using the subdivision algorithm and with a relatively
large 7.

Let the gradients of each of the three Equations (7) be denoted by,

Filu,v,8,t) Fi(u,v,s,t) Fi(u,v,s,t) Fi(u,v,s,t)
du ' v ' ds ' ot

Vi(u,v,s,t) = ( ), fori=1,2,3.

The numerical stage includes first order Newton Raphson iterations. That is, we assume a first order
approximation to each of the three Equations (7), at the current (u, v, s,t) solution and follow the gradient
until the equation equals zero in the first order approximation.

In practice, one is not required to guarantee the numerical convergence of all the sampled points from
the subdivision process of Algorithm 3.1. A majority of samples would be sufficient, and this relaxation
can tremendously improve the speed of the numerical stage as it is no longer required to be robust. In
all the examples presented in Section 4, over 90% of the points provided by the subdivision process were
successfully improved by the numerical step, in very few iterations, while the rest of the points were simply
purged away. This, with a fairly inaccurate subdivision tolerance in the order of 1072 or even larger,
and for a unit size model. An improvement of two orders of magnitudes on the maximal error could be
typically gained using about five numerical iterations. A numerical tolerance of 10~ is typically sufficient
for NC applications and was used in all the examples shown in Section 4. Needless to say, the numerical
computation took less than 10% of the time compared to the subdivision approach and well justified the

subdivision—numerical hybrid approach.
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Figure 4: A view of a spherical check surface and an almost flat surface to be machined along the normal
of the surface. The inaccessible circular interior area is trimmed away. This scene is similar to that of
Figure 3.

4 Examples and Results

Given the set of points on the boundary between the accessible and inaccessible regions, one can chain
them into curves and trim the original surface S(u,v) using these (trimming) curves. This exact process
is used throughout the examples of this section.

Figure 4 shows the result of chaining together the points that result from applying the subdivision
stage shown in Figure 3 (a) and the numerical improvement stage shown in Figure 3 (b). Once the
trimming curves are constructed, the surface is subdivided into different regions, each should be tested
for its accessibility. This test can clearly be conducted by shooting a ray from an interior point in each
region, in the direction of the tool orientation, and testing for a possible collision of this ray with the check
surface. In this section, we only show the final accessible regions.

Figures 5 and 6 consider a more realistic freeform pocket, with a spherical check surface in Figure 5
and a toroidal check surface in Figure 6. The proposed accessibility testing scheme can clearly handle
convex check surfaces. However, this scheme also support check surfaces of hyperbolic shape with virtually
no changes. Concave surface, on the other hand, would create superficial edges that are of no interest.

Hence, cavities on the check surface must be eliminated before the accessibility test takes place. See [6] for
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(b)

Figure 5: Two views of a spherical check surface and bump like surface to be machined along the normal
to the surface. The inaccessible circular interior area is trimmed away.

a trichotomy of freeform surfaces into convex, concave and saddle regions.

A single check surface can affect completely disjoint regions in the surface to be machined, provided
that the normals of these disjoint regions are all pointing toward the check surface. Figures 7 and 8 show
two such examples for a freeform surface and a spherical check surface above it in Figure 7 and for a
rounded cube (minus one face) and a spherical check surface at its center in Figure 8.

While common, the tool orientation need not follow the normal of the surface. In Figure 9, three
examples of machining through a point are considered, for three different locations of the prescribed
(through) point. Once the new orientation field O(u, v) is derived, the accessibility algorithm as is presented
in this work can be employed, unmodified.

All examples in the section were computed in time complexities starting from a minute or two for simple
cases like Figure 4 and up to couple of hours for highly complex examples like Figure 8, all on a high end
workstation. As stated already, the subdivision process consumed about 90% of the total computation

time.
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(b)

Figure 6: Two views of a toroidal check surface and bump like surface to be machined along the normal
to the surface. The inaccessible regions are trimmed away. Same surface as in Figure 5.

7
e

[T

A

(a) (b)

Figure 7: Two views of a spherical check surface and fairly complex surface to be machined along the normal
to the surface. The inaccessible regions are trimmed away. Notice there are several disjoint regions!
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Figure 8: Two views of a spherical check surface and a rounded box surface to be machined (minus one
face) along the normal to the surface. The inaccessible regions are trimmed away. Seventeen (!) disjoint
regions are eliminated in this example.

5 Conclusions

This work presents a solution to the accessibility questions of NC machining in 5-axis configurations. The
approach presented as part of this work is capable of answering the fundamental global question of what
regions of a surface can be machined from an arbitrarily prescribed orientation field and not gouge into
the given check surface.

Throughout this work, the assumption was made that both S(u,v) and K(s,t) are C'' continuous.
Further, K (s,t) was assumed to be a closed object. These assumptions can be relaxed in several ways. First,
both surfaces can be piecewise C'! continuous. That is, one can allow a finite number of C'! discontinuities,
locations were the surfaces would be split at. However, if K(s,t) is piecewise C'! and/or is not a closed
object, the boundary curves of K (s,t) must also be taken into considerations, as an extremum where the
tool can start to gouge into K(s,?).

Clearly, the next question to explore is, given the additional degrees of freedom, can one automatically
modify the orientation in gouging situations and prevent the gouging from occurring?

A different way to approach this last question might be through the quest for all the gouge free
orientations for all locations on the freeform surface S(u,v). Given a surface S(u,v) and a check surface
K(s,t), the outcome would be a four variate trimmed accessibility hyper-surface field of the form of

A(u,v,a,8), where @ and 6 span the trimmed hemisphere of accessible orientations above the tangent
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Figure 9: Three point locations above an elliptical check surface and cavity like surface to be machined
through a point p. In (a), p is location way above the check surface. In (b), p is closer to the check surface,
while in (c) p (shown in the figure) is just above the check surface.

plane of surface S(u,v).

Finally, one should recall that the special case of machining through a point brings us back to the
hidden surface removal problem in computer graphics, this time for a perspective view. In other words,
we are essentially providing as part of this work, a solution to the hidden surface removal problem, this
time for perspective views. Further, the 3-axis machining mode which is equivalent to the hidden surface
removal problem in orthographic view is also a special case of the presented approach of this work, this

time with a constant orientation field O(u,v) = Oy.
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