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Conformal Microstructure Synthesis in Trimmed Trivariate based V-reps
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Abstract

We present a complete microstructure tiling paradigm for V-rep models, or volumetric models consisting of trimmed
trivariates. Existing methods [10] are employed to tile individual primitive tensor product trivariates in a conformal
way, only to handle the intersection of the microstructure tiles with the trimming surfaces of the trivariates. One-to-one
and two-to-one bridging tiles are then constructed along the trimmed zones, while tile-clipping is completely avoided.
The Boolean operation cases of subtraction, intersection and union are considered. The result is a set of, regular
in the interior, possibly heterogeneous, trivariates, that defines the whole microstructure arrangement. This result is
fully compatible with iso-geometric analysis as well as heterogeneous additive manufacturing. Examples are presented,
including of 3D printed heterogeneous microstructures.

Keywords: Volumetric trivariate splines; Trimmed trivariates; Function composition; Porosity; Lattices;
Heterogeneity; iso-geometric analysis; additive manufacturing

1. Introduction s ogy of the final microstructure. In some cases, however,

37

We propose a method to continuously, conformally and 3
adaptively place, possibly heterogeneous, spline micro tiles %
in a volumetric model (VModel). A VModel is a model *
in a volumetric representation (V-rep), based on trimmed +
trivariates. The placement of the tiles is processed hier- #
archically by separating the design of the macro-shape of
the VModel from the micro-element or tile that will be *
filling the interior of the macro VModel [10]. The macro *
shape is represented by a set of V-Cells, which are typ- *
ically trimmed, trivariate tensor product splines. A tile*
can be any set of curves, (trimmed) surfaces, or (trimmed) *
trivariate splines, all defined in the domain of a unit cube, *
[0,1]3, and hence can be modeled with high flexibility. In %
this work, we will focus on tiles that are formed of trivari- %
ates, the most complex tile type, while simpler geometries, %
like curves and surfaces, could be following a similar yet
simpler path. The spline functions describing the tile are *
then functionally composed into the macro shape’s spline %
VModel representation, numerous times, which makes the
micro-structures repetitively and continuously paved in- %
side the macro model. See Figure 1 for an example of em- %
bedding heterogeneous microstructure consisting of volu- %
metric trivariate tiles, inside a trimmed trivariate based ®
VModel. This heterogeneous microstructure from Fig- ¢
ure 1 (c) is fully compatible with and can be immedi- ©
ately employed in iso-geometric analysis tools. Further, ¢
the boundaries of the constructed microstructures are fully ¢
compatible with the B-spline based boundary representa- ¢
tion (B-rep) of contemporary geometric CAD systems and
additive manufacturing [4].

The construction scheme of tile-based microstruc-
tures [10], while conformal to the macro VModel, is limited
by the fact that the tensor product trivariate presents a es
cube-like topology, which also renders a cube-like topol- s
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the shape of the macro models are more complex. Models
can undergo multiple Boolean operations, resulting in sets
of trimmed trivariates in a single volumetric representation
or V-rep VModel [9].

When one aims to pave with tiles, a macro VModel
consisting of trimmed trivariates following [10], some of
the tiles in the full tensor product domain of some of
the trivariates in the VModel might be trimmed away,
possibly partially. Moreover, tiling a complete VModel,
consisting of several trimmed trivariates, will require the
proper management and the continuous stitching of the
microstructures between adjacent (trimmed) trivariates,
near the shared trimming boundary surface(s).

This work presents one possible paradigm to handle this
tiling problem for a whole VModel. We start from the set
of the trimmed trivariate primitives in the VModel. Given
a trimmed trivariate, we first synthesize the microstruc-
ture in the tensor product trivariate primitive, ignoring
the trimming, and following [10]. Some of the tiles are
then eliminated if found (partially) outside the trimmed
zone, whereas completely inside tiles are kept. Then, in
zones that are near the trimming surfaces of the trimmed
trivariates, special bridging tiles are introduced, to con-
nect tiles to adjacent trimmed trivariates and/or to the
boundary of the VModel.

The rest of this work is organized as follows. In Sec-
tion 2, we survey related previous work. Then, Sec-
tion 3 describes our entire algorithm to populate a gen-
eral VModel with tiles. Some examples and results are
presented in Section 4, only to conclude in Section 5.

2. Previous work

The design and manufacturing of 3D volumetric objects
using porous repetitive microstructures, has gained recent
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Figure 1: The intersection of three trivariate cylinders in (a), yields the shape in (b). Populating the interior, following the tile placement

presented in this work, eliminates all intersecting tiles and builds bridging tiles to the trimmed surface boundaries, as is shown in (c).

(d)

presents a 3D-printed version of (¢). In both (c) and (d), the heterogeneous graded colors were devised as a mapping from (z,y, 2) to (R, G, B).

attention in various academic and industrial fields includ-ur
ing computer-aided design, tissue engineering, aero-spaceis
engineering, and material science. Advances in additivens
manufacturing have facilitated the production of complexiz
porous structures in a given model, while allowing het-iz
erogeneity within the model, with graded materials. Re-1
cent survey papers [16, 18, 13, 8] examined several aspectsizs
of this fabrication process, from designing the tile of thei
microstructure and populating the microstructure in theis
object, through selecting the material and printing tech-is
nology suited for the porous structures, to validating theis
physical properties of the manufactured products. Ouris
work here focuses on the geometric synthesis of microstruc-iz
tures and the population method. Hence, in this section,s
we will focus on related previous results. 131

Non-stochastic microstructures can be classified as uni-iz»
form and/or conformal, based on the method used to pop-1s
ulate microstructures in the macro shape [18, 14]. Uniforms
microstructures populate the template microstructures iniss
the internal volume of the object without any guaranteeiss
on the continuity between the external boundary of theis
macro shape and the internal microstructures. Conformaliss
microstructures, on the other hand, fill the macro shapeiss
with deformed microstructures so that the microstructuresiso
are populated more seamlessly. 141

Some researchers proposed 3D strut-and-node-based lat-142
tices that are conformal to the external boundary of theis
object. Wang et al. [21] generate semi-struts that con-iu
nect the central nodes inside the macro shape using STLuss
models. Ngyuen et al. [14] predefine four types of tem-s
plate lattice shapes and optimize the type and the size ofis
the lattice based on the stress distribution of the macrous
shape. To populate the conformal microstructures, theus
input boundary mesh is divided into planar regions andiso
offseted to make a trivariate volume between the originalis:
and offset surfaces and mapped to the ground truss struc-is.
ture. 153

Aremu et al. [2] proposed a voxel-based lattice mi-s
crostructure that conforms to the external boundary ofiss
the shape. They start with designing a voxel-based uni-ss
form lattice and handle the discrepancies on the boundaryuss
of the object by trimming the lattice on the boundary. 1ss

Another related approach is presented in Sosin et al. [20]so
that builds a truss structure by placing the nodes of theiso
structure at the centers of 3D packed spheres in the shape,e
striving for an optimal honeycomb-like topology. Regard-s
ing the design of beams in the strut-and-node-based mi-ie3

2

crostructures, Gupta et al. [7] proposed to employ quadric-
of-revolution surfaces to construct a beam of a single node
or smoothly connect two sphere-shaped nodes. They also
offer closed-form solutions to construct the ‘hub’ which
joins two beams to a sphere-shaped node, which is an es-
sential component in the construction of lattice-based mi-
crostructures.

Medeiros e S& et al. [11] derive the internal structure of
the volumetric object from a boundary mesh. They pro-
pose an adaptive algorithm to compute the internal mi-
crostructure from an input mesh using a primal-dual re-
lationship between the mesh and inner structure. The re-
sulting microstructure is heavily determined by the topol-
ogy of the input mesh, which affects the control over the
structure.

Instead of using explicit geometry as a unit tile, some
researchers adopt implicit function-based methods. Pasko
et al. [15] proposed a function-based representation to pro-
cedurally generate microstructures in a volumetric object.
The microstructure is a uniform axis-aligned lattice ex-
pressed by infinite, periodic and implicit functions and is
combined with the macro shape via set operations. An-
other example of implicit tiling is Feng et al. [6] that fills
a volumetric object with triply periodic minimal surfaces
(TPMS) and computes slice-by-slice intersection and in-
terpolation with the macro shape.

Tang et al. [19] adopt a hybrid approach in modeling the
microstructure of the volumetric object. They represent
the macro shape as the topological skeleton that consists
of vertices and links, and embed a unit microstructure in
each vertex. The geometry of each strut is then computed
using implicit functions.

Instead of using truss-like unit microstructures, Mas-
sarwi et al. [10] use a function composition-based tiling
in trivariate volumetric V-Model. Micro-tiles in the do-
main are composed into the trivariate volume of the macro
shape. Tiles can be regular grid-like tiling, randomized
tiling and bifurcating tiling, in which the number of in-
let and outlet surfaces are different. The same scheme is
employed in [1] to optimize the geometry in a variety of
physical applications, like heat transfer and stress analysis.

Another widely used and worthy of mentioning scheme
in the design of porous geometries is topology optimiza-
tion. [3]. This technique derives the porosity through, typ-
ically discrete, optimization with respect to desired phys-
ical properties.

Considering the format of the result, most offer polyg-
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Figure 2: A typical Boolean operation between VModels V4 and Vg

can be one of a union V4 U Vg (a), an intersection V4 N Vg (b) or a2
subtraction V4 — Vg (c). 220
221
222
onal mesh [6, 11, 14, 21], or voxels or similar spatial dis-2s
cretizations [2, 3, 15, 19], as their output. In contrast,.s
[7, 10, 20] employ spline or parametric function-based rep-zs
resentations. 226
This work adopts some methods from [10], toward thezr
generation of microstructures in tensor product trivariatess
forms, and extends it to handle general trimmed trivariatess
(V-rep) geometries. Tiles can be of general shapes, and ofx
arbitrary dimensions. Further, the result is B-spline basedax
and (its boundary) is fully compatible with modern B-repss
geometric CAD tools on the one hand, and supports the
encodements of additional volumetric fields, and heteroge-,,,

neous 3D printing in specific, on the other. s

235
3. The algorithm Zj
In order to create a general shape in a geometric model-**
ing tool, Boolean operations are typically applied. Herein,™
for VModels, Boolean operations are applied between vol->*
umetric primitives [9], and other VModels, recursively,™
forming a closure. Boolean union, intersection, and sub-*
traction are typically exploited in this constructive pro-*
cess. We adopt the volumetric representation of [9], in**
which a VModel is a complex of mutually exclusive V-,
Cells. Each V-Cell is a volumetric zone inside the VModel,,;
that is completely contained in all tensor product trivariate,,,
splines that share this V-Cell. On the other hand, a V-,
Cell cannot cross boundaries of a tensor product trivariate.,,q
A V-Cell will also contain topological adjacency informa-,,
tion on adjacent V-Cells, that together form the VModel,,
again as a complex. The volumetric zone of each such,,
V-Cell is bounded by a set of trimming surfaces, much,,,
like the trimmed curves of a trimmed surface, in a lower,,
dimension. »
Consider two volumetric primitives, V4 and Vg. Vj and25
Vp are represented as tensor product trivariate splines.
Using Boolean set operations, we can construct one of258
the following (trimmed trivariate) VModels: V4 U Vg (a
union), V4 N Vg (an intersection) or V4 — Vg (a subtrac-
tion). As an example, in Figure 2, we have two V-repaso
primitive cylinders, V4 and Vg, and these three differentas
Boolean operations are portrayed. 262
In general, a VModel can be constructed by numerousass
Boolean operations between an arbitrary number of volu-z
metric primitives. In Section 3.1, we first discuss how onezss
can classify a tile as inside or outside a single V-Cell, or azss
trimmed trivariate. Tiles that transversely intersect withoss
a trimming surface are also considered as outside, and areass

3

5

6

7

259

eliminated as well. In other words, all remaining tiles are
fully inside the trimmed trivariate.

The construction of simple, one-to-one, bridging tiles is
discussed in Section 3.2. Then, in Section 3.3, and given
two volumetric primitives, V4 and Vg, we present full mi-
crostructure tiling in the simple Boolean operation case
of V = V4 — Vg, where one-to-one bridging tiles are con-
structed near and toward the trimming surfaces.

The problem is much more challenging at a shared trim-
ming surface in a Boolean union, where tiles on both sides
of that trimming surface must be matched and bridged. In
Section 3.4, we discuss this matching problem, matching
N (anchor-faces of) tiles on one side of the trimming sur-
face to M (anchor-faces of) tiles on the other side of the
trimming surface. The presented microstructure match-
ing process is a variation on bipartite graph matching [12],
where we allow one-to-one but also one-to-two matching
(’bigamy’). Bifurcation bridging tiles are hence introduced
in Section 3.5 to support such matchings. Finally, the
problem of microstructure tiling in a Boolean union is con-
sidered in Section 3.6. Here, both the one-to-one and the
one-to-two bridging tiles will be employed. Some addi-
tional comments are finally made in Section 3.7.

3.1. Classification of Tiles in a Trimmed Trivariate

Consider a tensor product trivariate, T, fully populated
with tiles in the 3D grid, following [10]. If this trivariate
is now trimmed, as a trimmed trivariate 7, some tiles will
be inside, some outside, and some will transversely inter-
sect with the trimming boundary of the trivariate. Hence,
in each trimmed trivariate T, tiles are classified into three
types, depending on their membership with respect to the
trimming surfaces. Clearly, the original six boundary sur-
faces of T', could be ignored in these intersection tests,
even if they (partially) serve as trimming surfaces in T.
Then, in order to classify the tiles, we:

1. Test if the tile is intersecting with one of the (non-
original boundary) trimming surfaces of trivariate.
One should recall we do not seek precise intersection
curves, only a firm answer if a tile and a (trimming
boundary) surface intersect or not, a somewhat sim-
pler problem.

2. Then, for tiles that are intersection free (with respect
to the trimming surfaces), we further classify them as
completely inside or completely outside, by sampling
a single point p on each tile and testing p for inclusion
in the trimmed domain.

3. Finally, tiles that are classified as inside, but have a
neighboring tile that is detected as intersecting the
trimming boundary, are classified as to-be-bridged in-
side tiles.

Figures 3 and 4 show one example of this classification
process, for a subtraction case of V4 — Vi (Recall also
Figure 2 (¢)). All outside tiles (in red) and all the tiles
that intersect the trimming boundary (in cyan) are purged.
See Figure 3. We are left only with the inside (green)
tiles. However, as stated, some of the inside (green) tiles,
that are closed to the trimming surfaces will be later con-
nected with special bridging tiles to tiles on the other side
of those trimming surfaces (or to the trimming boundary
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Figure 3: The tiles in this trimmed trivariate (from Figure 2 (c))
are classified into three groups: tiles that are inside the trimmed
trivariate (green), outside the trimmed trivariate (red) and tiles that
intersect with the boundary (cyan). Two views of the same arrange-
ment.
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Figure 4: The tiles that are found inside this trimmed trivariate (from
Figure 3), are further classified into regular-inside tiles (green) and3o2
to-be-bridged-inside tiles (in yellow). The yellow tiles are close to the
trimming boundary and are candidates to be bridged to (the other™
side of) that trimmed surface. Two views of the same arrangement.3%

3

305

306
itself). Hence, we identify them as to-be-bridged inside,
tiles. These to-be-bridged-inside tiles, are marked in yel-
low, in Figure 4. Finally, we also identify the anchoring®”
faces (surfaces) for the bridging, on these tiles. An an-**
choring face is a boundary surface of a to-be-bridged tile*”
that was exposed as its neighboring tile was purged (being™*
either outside or intersecting the trimming surfaces of the®™
trivariate), a2

313

3.2. The One-to-one Bridging Tiles 314

With the purging of the tiles that are fully or partially315
outside the trimmed trivariate, the to-be-bridged inside®°
tiles are becoming our focus. The anchoring faces of these®’
to-be-bridged tiles are typically not tangent to the trim-s
ming surface, as they are in the interior domain of thess
trivariate. (Recall Figure 4). Hence, we insert new tubu-3
lar tiles that bridge these to-be-bridged tiles, connectings
their anchoring faces to the nearby trimming surface. The3?2
cross-section of each constructed tubular bridging tile iss
following the shape of the anchoring surface of the cor-ss
responding to-be-bridged tile. While, for simplicity, wess
assume this cross-section is circular for most of this work,ss
it clearly does not have to be, and we will demonstrates:
other cross-sections, toward the end. 328

A bridging tile is constructed by connecting an anchor-ss
ing surface of a to-be-bridged tile to its closest trimmingsso

4

(a) (b)

Figure 5: One-to-one bridging tiles connect the to-be-bridged-inside
tiles to the closest trimming surface. In (a), all the to-be-bridged-
inside tiles (in yellow), from Figure 4, are shown with one-to-one
bridging tiles (in red) to the trimming surface. (b) shows one of the
to-be-bridged-inside tiles from (a) (in yellow) with two anchoring
surfaces, that are now bridged using two one-to-one bridging tiles
(in red).

surface location. The anchoring surface is a boundary sur-
face in a to-be-bridged and one to-be-bridged tile can have
multiple anchoring surfaces (See Figure 5 (a)). Each an-
choring surface is therefore connected to the trimming sur-
face by sweeping the anchoring surface along some sweep-
ing axis curve. Herein, the sweeping axis curve is set to be
(initially) a quadratic Bézier curve, of which control points
are composed of:

1. The center point, C, of the anchoring surface,

2. A middle point, M, in some direction d from the an-
choring face toward the trimming surface, and,

3. The (closest) projection point, P, of M, on the trim-
ming boundary surface.

The direction d can equal 77, a central normal of the
anchoring face at C but also a partial derivative of the
trivariate T holding the anchoring face, %, at C, or any
combination thereof. More on that is Section 3.5 (see also
Figure 9 (a)).

The bridging tile is a sweep along the axis curve of the
anchoring face, and can connect the to-be-bridged-inside
tile smoothly with G'-continuity while joining the trim-
ming boundary surface orthogonally. We introduce a scale
parameter (3, to scale the vector d from P toward M , to
control the amount of the bending in the axis.

Figure 5 (a) shows all bridging tiles (in red), in the con-
figuration from Figure 4. Figure 5 (b) shows one example
of the to-be-bridged tile (in yellow) from Figure 5 (a) with
two one-to-one bridging tiles (in red) that connect the tile
at its two anchoring surfaces to the nearest trimming sur-
face.

When the reconstructed axis curve, as discussed above,
has high curvature, there is a chance that the swept bridge
surface will self-intersect. We avoid such self-intersections,
by adjusting (and adding new control points) the axis
curve. Further, adjacent one-to-one bridging surfaces
might intersect each other as well, another event where we
locally adjust the axis curves. More on this in Section 3.3.
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3.3. Populating a Single Subtraction V-rep with Mi-s

crostructure Tiles 303

Consider the Boolean set operation of subtraction, V4 — »

Vg, between two tensor product trivariate V-rep prlml- s06
tives, V4 and Vg, and let M 4 be the set of microstructure -
tiles that populate V4. Note that herein the mlcros.truc— o5
ture Mp, in Vp, is not relevant. In other words, the micro_,
tiles in V4 — Vg will come solely from M 4.

The boundary trimming surfaces of VModel V4 — VB401
are divided into two groups depending on the source of, |
the surfaces: one group originates from V4 and the other,
from Vp. Among these boundary surfaces and consider-
ing only set M 4, the surfaces that participate in the tile
classification (i.e Section 3.1) are only the surfaces of Vp.,
Then, the to-be-bridged tiles are the interior tiles adjacent,
to the tiles that intersect the surface boundary of Vg amd40
hence purged during tile classification process (recall the,
yellow tiles in Figure 4).

As each bridging tile is created independently, there 1s
the possibility that these generated tiles will interfere w1th
each other. Note that the original set of interior tiles7 s
M4 (green tiles in Figure 4), are collision-free as long as,,
the provided micro-tile and macro-shape trivariate of the,
VModel are collision-free (positive Jacobian throughout).,
Therefore, we only need to consider the possibility of col-, .
lisions between the newly created swept bridging tiles.

Collisions between adjacent bridging tiles can be de—
tected by simply testing if any pair of (adjacent) brldgmg
tiles collide with each other. In the specific case of circular*”
cross-sections, two bridging tiles collide if the distance be-420
tween the sweeping axes of the tiles is smaller than the sums#
of the radii of the cross sections of the sweeps. The latter+2
can also be used for general shapes of cross sections, em-43
ploying upper bounds on the (varying) radii, to accelerates
the decision, only to test further when the distance be-+2s
tween two bounding volumes are smaller than that bound.+

As a first step before resolving a collision between two*’
adjacent swept bridges, we raise the degree of the sweeping
axis curve to a cubic and add one degree of freedom in the*?
axis curve. By increasing the degree of the curve, we are*°
able to construct the sweeping axis connecting the center*:
point C' of the anchoring surface to the arbitrary point on??2
the trimming surface while maintaining the orthogonality*3
of the axis curve with respect to the trimming surface. 4+

The initial aim to resolve a collision, is by swapping the*°
two end projection points, P, of the two adjacent bridges,*¢
but leaving the anchoring face points, C, intact. Figure 67
(c) shows this operation. In Figure 6 (b), we detect a pair“38
of colliding tiles. From Figure 6 (b) to Figure 6 (c), we,,
swap the two projection points of the colliding tiles. If
the minimum distance between the axis curves of the tiles
is becoming larger after the swapping, we consider this™
swapping beneficial and keep the swapping. a2

Indeed, not every swapping result that is kept, ends inas
two collision-free tiles. The pink and cyan bridging tiles inaas
Figure 6 (c), for instance, still collide, after the swapping ofus
end points, from Figure 6 (b). Hence, in such cases, we re-us
sort to an iterative process that employs repulsion forcesss
on the control points of the two axis curves, A;(t) ands
As(r), that are assumed regular (positive speed through-ss
out). Let Aj(tg) and As(rg) be the location where Ajaso

404

405

5

and A, are the closest. Then, denote by Th = Af (t)]1=t,
and To = AL(7)|r=r, and let V = T7 x T be the em-
ployed repelling direction. Note that while, in principle,
this direction is similar to Ay (tg) — Aa(ro), the magnitude
of Ay(ty) — Aa(rg) might be vanishing, in which case, di-
rection Aj(tg) — Aa(rg) might be unstable.

This repelling process affects the control points associ-
ated with the closest locations, ty and rg. While it cannot
happen near the to-be-bridged tiles, at the C points (as
M 4 must be collision-free, as explained above), if the clos-
est location occurs near or on the trimmed surface bound-
ary, then the P points are repelled the most, etc.

Finally, one should realize that once we start to modify
and/or repel some bridging tiles, new intersections might
unfortunately form. After every such repelling iteration,
one must verify that no new collision formed, in the close
neighborhood.

In a case where the repelling fails, for example when
three (or more) bridging tiles are simultaneously colliding,
we also resolve collisions by eliminating one of the bridging
tiles and repelling the others. These collisions might occur
especially around the zone where the two trimming sur-
faces meet at G°-continuity. Hence, the number of bridg-
ing tiles might be smaller than the number of matched
anchoring faces. In the example in Figure 6, we end up
with 153 bridging tiles out of 164 matched anchoring faces.

8.4. Handling Bridging Tiles along Shared Boundary
Trimming Surfaces

In Section 3.3, we have discussed tiling the microstruc-
tures in a trimmed VModel that only contains a single V-
Cell. A general trimmed VModel, however, will have sev-
eral V-Cells. For instance, the trimmed VModel of V4UVp
in Figure 2 (a) consists of three V-Cells, V4 — Vg, VaNVp
and Vp — V4 as is shown in Figure 7. When Boolean op-
erations are applied to the primitive trivariate VModels
or other trimmed VModels, recursively, each V-Cell in the
trimmed VModel holds the list of the primitive trivariates
that occupy (the volume of) that V-Cell [9]. Then, the
microstructures in a V-Cell can be constructed based on
one of the trivariates occupying and containing the V-Cell.
In the case of the V-Cells in Figure 7, the microstructures
in V4 — Vg and Vg — V4 will be generated from M 4 and
M, respectively, recalling that M 4 and Mg are the sets
of microstructures in V4 and Vg. However, the V-Cell of
Va4 N Vg can be tiled based on either M 4 or Mg.

The union of V4 U Vp is mathematically equivalent to
either one of the following three formulations:

1. V4 U (VB — VA) or
2. Vg U (VA — VB) or
3. (Va—=Ve)U(VanVp)U (Ve —Vya).

The synthesis of microstructures over the union will de-
pend on the formulation that is employed. Giving V4
priority, V4 U (Vg — V4), employs every microstructure
tile from M 4 but purges some of the microstructures
in Mg that are (partially) outside Vg — V4. The sym-
metric situation, giving Vp priority, occurs for case 2,
of Vs U (V4 — VB). At equal priority, as in case 3 of
(Va—VB)U(VanVp)U(Ve—Vy4), the microstructure of the
union will partially employ microstructure tiles from both
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Figure 6: Collisions between neighboring bridging tiles are detected and resolved. (a) All the inside tiles in the trimmed VModel. (b) A
zoom-in on the region marked in red in (a), with two neighboring bridging tiles (in cyan and pink) colliding with each other. (c) By swapping
the end points of the sweeping axes, the collisions between the tiles are alleviated. However, the two tiles still intersect near the end points.
(d) The sweeping axes of the colliding tiles are moved by applying a repulsion force, and eventually becoming collision-free.
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Figure 7: The VModel in Figure 2 (a) consists of three V-Cells, with,g,
the microstructures of the tensor product input primitive cylinder. o1
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M 4 and Mg, which implies that the membership tests of*®
the tiles are executed twice, for V4 — Vg and Vg — V4.  ,u
While only case 3 is symmetric, we allow the end-user,q
to assign (numeric) importance priorities to the primi-,q
tive trivariates and these priorities will affect the way,,
the microstructures are synthesized, selecting between the,g
three above options. Microstructures of a trivariate with,g,
a higher priority value will always be selected first. 500
All that said, we are now faced with an additional con-_,
cern. We need to bridge the remaining tiles between two, ,
V-Cells, along their common trimming surface boundary,
denoted Sp. Consider case 1, of V4 U (Vg —V,). We keep503
the full set of tiles in V4, M 4 and build bridging tiles from™
them to the interior subset of the tiles of Mp in (Vi — VA),505
through Sp. This bridging difficulty is more challengings,,
for the fact that now we need to match and connect N,
anchoring faces in one side, say in V4, to M anchorings,
faces in the other side, say in (Vg — Va), and N and M,
are likely to be different. In the rest of the section, we,,
consider this combinatorial/geometric matching problem
between anchoring faces of two microstructure sets, alongsi
a shared trimming surface boundary, Sp. 512
1
3.4.1. The Matching of Bridging Tiles ;j
Along the shared trimming surface boundary, Sp, we_,
have two sets of microstructures with anchoring faces that,
must be matched and bridged. Let the adjacent V-Cells,
that share boundary Sp, be denoted VC; and VCs. Along
Sp, VC1 might have N anchoring faces to bridge to, while
VCs might have M anchoring faces to bridge to, M # N. s
Because M is typically not equal to N, a completesx
matching of this unbalanced bipartite graph is not a com-sa
plete solution, and will leave some anchoring faces un-sx

518

6

matched. Therefore, herein we allow bigamy or also two-
to-one matchings, with the assumption that M < 2N and
N < 2M. There are two concerns to be addressed here:

1. We need to offer a geometric bifurcation tile that con-
nects two anchoring faces on one side of Sg to one
anchoring face on the other side of Sp. This geomet-
ric question will be addressed in Section 3.5.

2. We need to address the combinatorial question of this
unbalanced bipartite graph matching, which also per-
mits bigamy. In the rest of this section, we address
this combinatorial question.

We are faced with a matching problem on the unbal-
anced bipartite graph G having M nodes, V;, on one side
and N nodes, V;, on the other side. Each node in G rep-
resents an anchoring face. Hence after, nodes V;,V; € G
will also represent the corresponding geometric anchoring
face, depending on the context.

Recall that d is the direction along which the bridging
tile is constructed, at the anchoring face. Herein, bridg-
ing between two anchoring faces, these directions will be
denoted J; and d;—, at V; or Vj, respectively. Then, each
edge, E;; € G, between V; and Vj, is assigned a weight,
based on:

e The Euclidean distance between V; and 1V,
Dist(V;,V;), striving to minimize these distances.
Further, we limit the maximal allowed distance to be
some constant d™**%#st and assign an ’invalid’ weight
in such cases.

e The angles between vector V; — V; and the bridging
directions at anchoring faces V; and Vj, 07; and CZ;',
Angle(V; — VJ,d:) and Angle(V; — V;,d;). In other
words, we strive to construct bridging tiles that bend
and deviate the least from d; and d;, as we move away
from the anchoring faces. Further, we do not allow
these angles to span more than 90 degrees and assign
an ’'invalid’ weight in such cases.

Allowing only one-to-one and two-to-one matches for
the bridging tiles, the matching problem is reduced to
the problem of finding a set of one-to-one and two-to-one
bridges that minimizes the total sum of the weights while
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maximizing the number of participants. In the special case
of M = N, the problem is known as the assignment prob-
lem and we can obtain the M = N matches (which is also
of maximal cardinality) that minimize the sum of edge
weights using the Hungarian algorithm [12].

In the rest of the section, we assume M > N. By apply-
ing the Hungarian algorithm, only one-to-one matchings
are considered, and N matches can be found that mini-
mize the sum of weights to the augmented bipartite graph.
Then, we remove these N matched vertices from the an-
choring faces in VCy and apply the Hungarian algorithm
again between M — N vertices to the original N vertices
on the other side, of VC;. This, two-staged, matching ap-
proach is summarized in Algorithm 1.

Algorithm 1 UnbalancedBipartiteMatch - Matching

between M and N anchor faces, M > N

Input:

FM: A set of V; anchoring faces, |FM| = M;

FN: A set of V; anchoring faces, |[FV| = N;

Output:

P: A set of all matches between ' and FV that minimize
the sum of weights;

Algorithm

1. B := @;

2: for V; € FM do

3: for V; € FN do

4; // The weight of edge E;; into matriz W :

5: w(V;,V;) := function of Dist(V;,V;) and_‘ ZZ

6: Angle(V; — Vj,d;) and_,

7. Angle(V; = V;, d_;'); 554

8: E:=FEU((V;,V}); 555

9: G := The unbalanced bipartite graph (F™, FV; E);
10: P1 := HungarianAssign(Gy, W); 557
e FY = ViV € FM and (V;, V) € Py, V; € FY}
12: E:= All edges in E between (FM \FM) and FY;
13: B := GeomFilter(FM FN, E‘, P1); 561
14: Go := the unbalanced bipartite graph 562
15: (FMA\FY FNE)
16: Py := HungarianAssign(Gs, W); o
17: P := Py U Po; Z::
18: Return P;

567

568

Some notes on Algorithm 1. In practice, we will havess
less than N successful matches in the first round (Line 10,57
Algorithm 1), as some of the matches will fail (being c0).57
In Line 7, we use Dist() and Angle(), to compute the dis-57
tances/angles of vertices/bridging directions. As stated,s
we limit the maximal allowed distances to be some con-5+
stant d™?*4st and the angular deviations to be less thanss
90 degrees. Any violation of these conditions will assign
the corresponding weight an ’invalid” weight, rendering an__
impossible match.

When the first round of matching is completed, we haves:
at least M — N unmatched anchoring faces from FM s
We run the Hungarian assignment algorithm once moresn
(in Line 16), but this time, with M — N anchoring facessswo

7

Algorithm 2 GeomFilter - a filter for the removal of
matched edges that are incompatible geometrically.

Input:
FM: A set of V; anchoring faces where |[FM| = M;
FY: A set of V; anchoring faces where |[FY| = N;
E: Set of edges (V;,V;), Vi € FM \FM and V; € FN;
P;1: Set of one-to-one matches, computed using
HungarianAssign;

Output: _
E: A subset of E where the geometrically invalid edges
are filtered;
Algorithm

1 E:= E;

2. for (V;,V;) € E do

3 cz; := bridging direction at Vj;
4: //Proj. of Vi = V; onto a face orthogonal to ci;
5 Prig(Vi) = (Vi = V)= < Vi = Vj,d; > dj;
6.  for Vi € F" such that (Vi,V;) € Py do
7 //Proj. of Vi, —V; onto a face orthogonal to d;
s Prj;(Vi) = (Vi = V)= < Vi = V;.,d; > dj;
9 if Angle(Prj;(V;), Prj;j(Vi)) < % then
10: E:=E\(V;,V;); // An invalid edge.
11: Return E;

from F™ and the same N anchoring faces of FV. All the
weights of these edges are inherited from the first stage,
except for some edges that are becoming invalid due to
geometric constraints, as identified using Algorithm 2.
An edge (V, V;) will be considered geometrically invalid
at Vj, if its projection on the plane orthogonal to the bridg-

ing direction at Vj, J;-7 will form less than 90 degrees, in
that plane, with a previously matched (projected) edge at
V;, (Vi,V;), from the first step, P; (Line 10, Algorithm 1).
In other words, we reject bigamy matching at Vj, if the two
outgoing arms of the bifurcation form less than 90 degrees.

Finally (in Line 17), the matching results from the
two stages are combined together. The union of P; and
Ps yields bigamy matches as separate matched pairs, of
(Viy,V;) € Pr and (V;,,V;) € Pa, will be combined into
((Viy, Vi) V) € P.

The proposed matching algorithm is heuristic. The al-
gorithm does not guarantee optimal matching results, as it
applies twice an (optimal) Hungarian algorithm but does
not ensure optimality between these two stages. The first
stage finds the best match of (up to) N pairs. Since now
this set of matches is fixed in the second round, it can
clearly happen that the second matching will yield a glob-
ally inferior result. Moreover, and as already stated, we
can not bridge in full cases for which M > 2N or N > 2M.

3.5. The Construction of Two-to-one Bridging Tiles

The matching results, following Section 3.4, include two-
to-one bridging tiles between the two sets of microstruc-
tures. In this section, we explain how these bifurcation
bridging tiles are geometrically constructed.
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We have three anchoring faces that participate in the bi-s:
furcation tile. Denote them as an inlet, the one anchoringsss
face from one microstructure set and two outlet anchor-eu
ing faces from the remaining microstructure set. See Fig-es
ure 8 (a) and (b). Each bifurcation tile will be composedsss
of three trivariates; a base trivariate on top of the inlet sur-es
face (blue in Figure 8 (b)) and two branching trivariateses
that connect the base trivariate to the two outlet anchor-es
ing faces (red in Figure 8 (b)). 650

The most challenging step of constructing the bifur-es
cation tile, is the construction of the base trivariatess
of the tile. See Figure 8 (b) and (c), in blue. Thess
base trivariate is, in essence, the trivariate that createsess
the bifurcation. To construct it, a volumetric Booleansss
sum [5] is applied to six boundary surfaces, T (tmin, v, W),
T(umama v, w)7 T(ua Umins w)7 T(U, Umaz ’UJ), T(u7 v, wmin)7ﬁ5ﬁ
and T'(u, v, Wimaqx) (to be discussed below) as are shown in__
Figure 8 (d) and then shown exploded, in Figure 8 (e). Fi-_
nally, recall that all the geometry is regular in the interior.

The inlet face is set to be T'(u, v, Wmin) (hence after de-,
noted as the bottom surface of the base trivariate), making,,,
this joint conforming to the neighboring tile which shares,
the inlet face (the green tile throughout Figure 8). The lo-,
cal coordinate frame of the bottom surface is derived from,
the v and v derivatives (and the normal) at the center of
the bottom surface. We denote these vectors as (x,y, )
of the frame, drawn as red, green and blue arrows in Fig-,,
ure 8 (e), respectively. o6

Because we have excluded bigamy matches where theg,
two projected directions of the outlets are less than 90,
degrees, we can always have the outlets connected atg;,
two opposite surfaces of the base trivariates. Either tog,
T (Umin, v, w) and T(tmaz, v, w), or t0 T (U, Vmin, w) andes
T (u, Umaz, w). Without loss of generality, hereafter we as-,
sume the configuration is as shown in Figure 8, namely thegs
outlets are connected to T'(w, Upmin, w), T (U, Vmaz, W). 676

Let o be a user-specified angle to the construction ofer
the base trivariate. The bottom surface is now copied andszs
rotated twice along the z-axis (red in Figure 8 (e)): by s
around point ¢; (See Figure 8 (e)) and by —a around gaeso
to yield the initial two side surfaces of the base trivariate.sa
The boundary edges holding the joint points ¢;, of thesess
two initial surfaces, now T'(u, Upmin, w) and T(u, Vmaz, W),ses
are modified to interpolate the corresponding boundary ofsss
the bottom surface, completing the construction of thesesss
two side surfaces. 686

T(u, v, Wmaz) is constructed next as scaled version ofesr
T (u, v, Wmin) that is forced to interpolate T'(u, Upin,w)sss
and T(u,Vmaee,w). Finally, the remaining two sur-sso
faces, T (Umin,v,w) and T(Umqz,v,w), are derived asewo
a Boolean sum of four boundary curves, now fully de-so
fined by T(“a Umin, w)7 T(U, Umazs U}), T(uv v, wmin)a andse
T(u,v,wmm). 693

We introduce another end-user degree of freedom, ¢, iné

the form of the direction of the bridging tile, d. ¢ can®®
blend between two possible valid option: g—g, where T
is the trivariate holding the anchoring face, and 7i;, theses
normal of the anchoring face, both evaluated at the centerss,
of the anchoring face. See Figure 9 (a). -
Figure 9 shows the two extreme settings of the blend-es

ing ratio ¢, applied while constructing the base trivariate.zo

8

8

9

When ¢ = 0, the base trivariate of the bifurcation tile is
aligned in the direction of the w-derivative of T, g—f), as is
shown in Figure 9 (b). When ¢ = 1, on the other hand, the
base trivariate is constructed and aligned with the normal
direction of the inlet anchoring surface, 77;, as is shown in
Figure 9 (c).

The bridging tiles are guaranteed to join with a G°-
continuity to the adjacent tiles as the inlet and outlet
boundary surfaces are adopted directly from the surfaces
of the neighboring trivariates. Higher continuity is also
possible and depends on the continuity of the neighboring
trivariates and the user-defined parameters such as ¢ and
a, which determine the ending directions of the bridging
tiles.

3.6. Construction of Tubular Bridging Tiles in a Union

When generating bridging tiles between two different
sets of microstructure, in a union and along a shared
boundary, we also employ tubular trivariates for one-to-
one matches. The construction here of the tubular bridg-
ing tiles, however, is slightly different from the construc-
tion of these tubular tiles in the case of a subtraction op-
eration (recall Section 3.3). Here, the one-to-one bridging
tile connects two anchoring tile faces instead of joining an
anchoring face and a point on the trimming boundary sur-
face of the macro VModel, as was the case in subtraction.
To ensure the continuity of the tubular face here, we con-
struct the sweeping axis of the tile as a cubic Hermite,
connecting the center locations of the anchoring surfaces
while interpolating the starting and ending direction, fol-
lowing the prescribed ¢ blending parameter. Examples of
this variant of one-to-one tubular tiles are shown in Fig-
ure 10.

As before, one should also handle the possibility of colli-
sions between the bridging tiles. We detect and avoid colli-
sions between tubular trivariates, for one-to-one matches,
as well as two-to-one bifurcation tiles. The strategy to
avoid collisions in the bridging, here, is restricted, com-
pared to the Boolean subtraction case. We can no longer
repulse the end positions of the sweeping axis curves as the
end points are no longer on a trimmed surface. It is also
undesirable to modify the starting and ending directions of
the sweeping axis curves, that are ensuring the continuity
of the bridging tiles to the neighboring tiles. Therefore,
we increase the degree of the sweeping curves from a cubic
to a quintic, obtaining two new degrees of freedom to de-
form the sweeping axis. Then, we avoid collision cases by
repulsing the new internal control points. The new inter-
nal control points are iteratively repulsed in the repelling
direction computed from the tangents of the axis curves
at their closes points, similarly to the subtraction case.

Figure 11 (a) presents a case with two one-to-one tiles
that are colliding. This collision is resolved, in Fig-
ure 11 (b), by repulsing the internal control points of a
quintic sweeping axis (in opposite directions).

3.7. Managing general VModels

The proposed tiling scheme can also be applied to gen-
eral VModel, created using other Boolean operations such
as intersections and multiple Boolean operations. In a
case of an intersection, V4 N Vg, one can employ either
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Figure 9: The direction of the base trivariate of the bifurcation tile
is adjusted by a user blending parameter ¢ between 7i;, the normal
of the anchoring face and g—g as show in (a). In (b), ¢ = 0 and the

direction of gT:Z is employed, and in (c), ¢ = 1 and the direction of
7, is used.

microstructure set, M 4 or Mg, from the primitive with
the higher priority, say V4. Here, the boundary surfaces of

the trimmed VModel that originated from Vi (with lower

priority) are identified and the microstructure is classi- |
fied against these trimming surfaces. Bridging tiles are in-_,
serted from the anchoring faces of the interior tiles in Vs,
to these trimming surfaces. In summary, the microstruc-_,
ture’s processing of an intersection case is very similar to_
the subtraction case, of V4 — Vp.

1

716
Figure 12 shows two cases, with opposite priorities, forns

9

Figure 10: The tubular tiles (in red) bridge inlet and outlet anchoring
faces from different primitive microstructure sets.

V4 N Vp. The volumetric primitive in Figure 12 (a) holds
the set of microstructures Mg (in blue), whereas the vol-
umetric primitive in Figure 12 (d) holds the set of mi-
crostructures Mp (also in blue). Figures 12 (b) and (c)
show the different intersection results based on different
primitive priorities. The interior tiles (in green) and the
to-be-bridged tiles (in yellow) are different in the two cases
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as are the bridging tiles (in red) that join different trim-,,
ming surfaces. 765

Up until now, we have described our strategies to tile mi-,q
crostructures in a VModel that consists of two primitive,,
tensor product trivariates. The presenting tiling strate-;s
gies, however, can also be applied to more general VMod-,,
els. This is obviously relevant and challenging in zones,,,
(V-Cells) of more than two trivariates. The key to consis-,,
tently tiling a general VModel with microstructures is the,,,
assignment of priority values to all the primitive trivari-,,,
ates involved in the (Boolean operations in the) VModel.,,,
The microstructures are then tiled one V-Cell at a time,,,
and according to these priorities. 76

As VModels are constructed, applying Boolean opera-;7;
tions, a hierarchical tree is created with the final VModel;z
at its root. In every step of these Boolean operations, and;
as a side operation, we record the information that will bezg,
needed for the microstructures’ synthesis, such as priori-zs
ties, the trivariates in each V-Cell, tiles’ shape, and desiredss
density of tiles. Consider the union of V4 U Vg, Vi andis
Vg are arbitrary VModels, consisting of an arbitrary num-,g,
ber of V-Cells each. The V-Cells in V4 U Vg are dividedsss
into three groups: Va4 — Vg, Vp — V4 and V4 N Vp. Theyss
primitive trivariates, their priorities, etc., as stored in Vs
are propagated to the V-Cells in V4 — Vg (unless a V-Cellsg
of V4 is completely deleted by this subtraction). Similarse
propagations are executed for V4 N Vg and for Vg — V4. 70

Then, and given the complete VModel, the tiling of them
microstructures starts from the V-Cells that hold the prim-7o
itive trivariate of the highest priority. These V-Cells arers
processed and tiled first. Traversing the Booleans hierar-o

10

Example TViu | TVirg | Time (sec)
Voow U Vit (Fig. 6) 5002 | 154 18
VAU Vg (Fig. 13(b)) 1400 28 35
VaUVs — Ve (Fig 13(c)) | 826 98 38
Va— Vs — Ve (Fig. 13(d)) | 384 48 17
VaNVs N Ve (Fig. 14) 208 40 18
WingedDuck (Fig. 16) 39070 297 536

Table 1: Experimental results of the example models presented in
this paper. TV represents the total number of trivariates in the
VModel and T'Vj.4 the number of bridging trivariate tiles. Time is
the complete construction time, on the cited machine.

chy tree, the handling of interior and boundary trimming
surfaces is commenced following the description in previ-
ous sections, while keeping all tiles on the trimming surface
side with the higher priority.

4. Results

In this section, we present several additional results. All
were tested on an Intel Core i7-7700K 4.2GHz PC with
32GB of main memory. Table 1 shows the total number of
trivariates in the microstructures, as well as the number
of bridging trivariates, and the total execution time, in
second. FEach trivariate is formed of a trivariate spline
of either quadratic or cubic degrees. The presented 3D
printed examples were fabricated on a Stratasys printer,
employing their VoxelPrint [17] interface.

Figure 13 shows microstructures tiled in various V-
Models derived from three orthogonal intersecting cylin-
ders. As is shown in Figure 13 (a), each cylinder can
be tiled regularly with microstructures, generated by the
function composition. Boolean union, subtraction or in-
tersection are then applied to these cylinders to generate
the (microstructures in the) VModels in Figure 13 (b)-(d).

Figure 14 shows three instances of microstructures in
VModel VyNVpNVe. Three different microstructures are
revealed, depending on the priorities of the three cylin-
ders. Compare with Figure 1. Figure 15 also shows a sim-
ilar example, this time with double the resolution of the
microstructure. Here also, the encapsulating VModel was
3D printing transparent, as can be seen in Figure 15 (b).

Finally, Figure 16 shows a winged duck VModel. The
two trivariate wings were unioned with the trivariate of the
body, only to subtract some hole near the tail. The wings
had higher priority here and hence their microstructures
were left unmodified. Because of the dense population of
tiles in the body, there were some, fully inside the body,
tiles that were located very close to the wings. As to-
be-bridged tiles, the bridges from them were very short.
Hence, we also allow a user-defined margin and purge such
too-close to-be-bridged tiles, during the tile classification
process.

Note that near the root of the wing, the resolution of
the tiles of the body is much higher than the resolution
of the microstructure of the wing and yet, with the aid
of bifurcation bridging tiles, the result is quite pleasing.
Also, in Figure 16 (e) and (f), fairly high-frequency colors
were encoded into all trivariates, exemplifying, once more,
the heterogeneity capability.
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Figure 13: Microstructures in VModels undergoing different Boolean operation from three orthogonal cylinders, V4, Vg and V¢, having (a)
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Figure 14: The microstructures in V4 N Vp N V¢ (three intersecting
cylinders) where the three V;s are the same as in Figure 13. (a): V4
has highest priority, (b): Vp has highest priority, (¢): V& has highest
priority. See also Figures 1 and 15

While barely discussed until now, this work is not lim-
ited to tiles with circular cross-sections. In Figure 16, the
cross-sections of the tiles of the body are rectangles and®*
those in the wing are circular. Yet, the bridging tiles are®®
smoothly blended from one cross section to the other.
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807
808
5. Conclusions and Future Work 809
810

This work presented a scheme to populate a full VModelsi
consisting of several trimmed trivariates, using microstruc-si

11

(a) (b)

Figure 15: A similar result to Figure 1, 3D printed with double the
microstructure resolution, and a transparent encapsulating VModel.

tures. The result is a set of tensor product trivariates that
are fully compatible with iso-geometry. Extra care has
been taken, to ensure that adjacent trivariates conform
and match so no mortar will be necessary. Similarly, be-
ing a volumetric result, we could attach attributes (e.g.,
color) to the geometry in full (not just the boundaries) and
3D print the geometry with colors. While, in this work,
we focused on trivariate tiles, the presented scheme can
clearly be adapted to tiling with surface geometry and/or
univariates (curves), being simpler cases.
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Figure 16: A VModel of a winged duck in (a), is populated with two types of tiles - rectangular cross-sections in the body and rounded in
the wings, all unioned together and properly stitched. (b) and (c¢) show zoom-ins on the bridging tiles between the wing and the body (the
wings had higher priority here and hence, their microstructures are unmodified and in cyan). One of the two-to-one bridging tiles is shown
(in red) with the adjacent tiles in (d). Note the rectangle cross-section tile (in yellow) from the body and the rounded cross-section tile (in
cyan) from the wing. (e) shows the VModel after random graded colors were encoded into its trivariates and (f) presents the final 3D printed

sample, in a transparent encapsulating VModel.

Performing the microstructure synthesis as a post-ss
process to the Booleans, and once the VModel is complete,ss
allowed us to optimize the microstructure’s synthesis and®*®
skip the computation of microstructures in primitives that®
were, for example, purged away. That is, ignore the mi—:;
crostructures of Vg in V4 — Vp. os3

In the case of synthesizing the bridging tiles in a union,sss
the current scheme might leave some anchoring surfacesss
of tiles unconnected, when the resolution of the tile sets®®
differ significantly. A remedy might be found by consider-**'
ing other configurations of matchings, such as three—to—onezzz
or even more generalized M-to-N matching, with all theg,
geometric challenges that such generalized matchings canss
impose over the bridging tiles. 862

A clear next step will be to analyze such arrangement?3
of microstructure and see how to optimize them on one®
side and ensure that the bridging tiles are not formingzzz
weak /bottleneck locations, being less regular. Clearly and,,
while the principles were laid down in this work, the pre-ss
sented matching, bridging and repelling schemes can ben-sso

efit from further research and improvement. 870
871
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